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Abstract. In this paper we consider deformations of an algebroid 
stack on an etale groupoid. We construct a differential graded Lie 
algebra (DGLA) which controls this deformation theory. In the 
case when the algebroid is a twisted form of functions we show 
that this DGLA is quasiisomorphic to the twist of the DGLA of 
Hochschild cochains on the algebra of functions on the groupoid 
by the characteristic class of the corresponding gerbe. 
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1. Introduction 



The two main results of the paper are the following. 

(1) We classify deformations of an algebroid stack on an etale groupoid 
by Maurer-Cartan elements of a differential graded Lie algebra 
(DGLA) canonically associated to the algebroid stack, see The- 
orem (5221 

(2) In the particular case, let the algebroid stack be a twisted form 
of the structure sheaf (i.e. is associated to a gerbe on the 
groupoid). We construct a quasiisomorphism of the DGLA al- 
luded to above with the DGLA of Hochschild cochains on the 
algebra of functions on the groupoid, twisted by the class of the 
gerbe), see Theorems 15.251 and 15.261 

In the case when the etale groupoid is a manifold these results were 
estabhshed in [7]. 

Recall that a deformation of an algebraic structure, say, over C is 
a structure over C[[^]] whose reduction modulo h is the original one. 
Two deformations are said to be isomorphic if there is an isomorphism 
of the two structures over C[[h]] that is identity modulo h. The algebra 
C[[h]] may be replaced by any commutative (pro)artinian algebra a 
with the maximal ideal m such that a/m ^ C. 

It has been discovered in [19], [36], [37] that deformations of many 
types of objects are controlled by a differential graded Lie algebra, or 
a DGLA, in the following sense. Let g be a DGLA. A Maurer-Cartan 
element over a is an element 7 G 0^ ® m satisfying 



One can define the notion of equivalence of two Maurer-Cartan ele- 
ments (essentially, as a gauge equivalence over the group exp(g'' ® m)). 
The set of isomorphism classes of deformations over a is in a bijection 
with the set of equivalence classes of Maurer-Cartan elements of g over 
a. This is true for such objects as flat connections in a bundle on a 
manifold (not surprisingly), but also for associative and Lie algebras, 
complex structures on a manifold, etc. For an associative algebra, the 
DGLA controlling its deformations is the Hochschild cochain complex 



shifted by one, C'{A,A)[1] (cf. [16]). 



Now let us pass to sheaves of algebras. It turns out that their defor- 
mations are still controlled by DGLAs. Two new points appear: there 
is a technical issue of defining this DGLA and the most natural DGLA 
of this sort actually controls deformations of a sheaf within a bigger 
class of objects, not as a sheaf of algebras but as an algebroid stack. 
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For a sheaf A of algebras on a space X, one can define the DGLA 
which is, essentially, the complex of cochains of X with coefficients in 
the (sheafification of the presheaf) C*(^, ^)[1], in the sense which we 
now describe (compare [20| [2T]). 

If by cochains with coefficients in a sheaf of DGLAs one means Cech 
cochains then it is not clear how to define on them a DGLA struc- 
ture. Indeed, one can multiply Cech cochains, but the product is no 
longer commutative. Therefore there is no natural bracket on Lie al- 
gebra valued Cech cochains, for the same reason as there is no bracket 
on a tensor product of a Lie algebra and an associative algebra. The 
problem is resolved if one replaces Cech cochains by another type of 
cochains that have a (skew) commutative product. This is possible only 
in characteristic zero (which is well within the scope of our work). In 
fact there are several ways of doing this: De Rham-SuUivan forms on 
a simplicial set; jets with the canonical connection on a smooth man- 
ifold (real, complex, or algebraic); and Dolbeault forms on a complex 
manifold. The first method works for any space and for any sheaf (the 
simplicial set is the nerve of an open cover; one has to pass to a limit 
over the covers to get the right answer). In order be able to write a 
complex of jets, or a Dolbeault complex, with coefficients in a sheaf, one 
has to somewhat restrict the class of sheaves. The sheaf of Hochschild 
complexes is within this restricted class for a lot of naturally arising 
sheaves of algebras. 

The DGLA of cochains with coefficients in the Hochschild complex 
controls deformations of A as an algebroid stack. An algebroid stack is 
a natural generalization of a sheaf of algebras. It is a sheaf of categories 
with some additional properties; a sheaf of algebras gives rise to a stack 
which is the sheaf of categories of modules over this sheaves of algebras. 
In more down to earth terms, an algebroid stack can be described by 
a descent datum, i.e. a collection of locally defined sheaves of algebras 
glued together with a twist by a two-cocycle (cf. below). The role 
of algebroid stacks in deformation theory was first emphasized in |24|, 




For a complex manifold with a (holomorphic) symplectic structure 
the canonical deformation quantization is an algebroid stack. The first 
obstruction for this algebroid stack to be (equivalent to) a sheaf of 
algebras is the first Rozansky-Witten invariant [7]. 

In light of this, it is very natural to study deformation theory of 
algebroid stacks. In |7| we showed that it is still controlled by a DGLA. 
This DGLA is the complex of De Rham-Sullivan forms on the first 
barycentric subdivision of the nerve of an open cover with coefficients in 




m 
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a sheaf of Hochschild complexes of the sheaf of twisted matrix algebras 
constructed from a descent datum. To get the right answer one has to 
pass to a limit over all the covers. 

An important special case of an algebroid stack is a gerbe, or a 
twisted form of the structure sheaf on a manifold. Gerbes on X are 
classified by the second cohomology group H'^{X,Ox)- For a class c 
in this group, one can pass to its image dc in if^(X, 27riZ) or to the 
projection c from H\X,0*x) = H\X,Ox/27iiZ) to H\X,Ox/C). 
One can define also dlogc G H'^{X,Q^'^^"^^'^). In [7], we proved that 
the DGLA controlling deformations of a gerbe as an algebroid stack 
is equivalent to the similar DGLA for the trivial gerbe (i.e. cochains 
with values in the Hochschild complex) twisted by the class c. In a 
forthcoming work, we prove the formality theorem, namely that the 
latter DGLA is equivalent to the DGLA of multivector fields twisted 
by dc (in the real case) or by dlogc (complex analytic case). 

In this paper, we generalize these results from manifolds to etale 
groupoids. The DGLA whose Maurer-Cartan elements classify defor- 
mations of an algebroid stack is constructed as follows. From an al- 
gebroid stack on Hausdorff etale groupoid one passes to a cosimplicial 
matrix algebra on the nerve of the groupoid. If the groupoid is non- 
Hausdorff one has to replace the groupoid by its embedding category, 
cf. [31]. 

For a cosimplicial matrix algebra we form the Hochschild cochain 
complex which happens to be a cosimplicial sheaf of DGLAs not on 
the nerve itself, but on its first subdivision. From this we pass to a 
cosimplicial DGLA and to its totalization which is an ordinary DGLA. 

For a gerbe on an etale groupoid this DGLA can be replaced by 
another of a more familiar geometric nature, leading to the Theorems 
1525] and ESS 

Let us say a few more words about motivations behind this work. 
Twisted modules over algebroid stack deformations of the structure 
sheaf, or DQ modules, are being extensively studied in [26], [2Z]- This 
study, together with the direction of [7], [6] and the present work, 
includes or should eventually include the Hochschild homology and co- 
homology theory, the cyclic homology, characteristic classes, Riemann- 
Roch theorems. The context of a deformation of a gerbe on an etale 
groupoid provides a natural generality for all this. Similarly, the groupoid 
with a symplectic structure seems to be a natural context and for 
the Rozansky-Witten model of 3-dimensional topological quantum field 
theory. Note that this theory is naturally related do deformation quan- 
tization of the sheaf of (9-modules as a symmetric monoidal category 
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As another example, a Riemann-Roch theorem for deformation quan- 
tizations of etale groupoids should imply a (higher) index theorem for 
Fourier elliptic operators given by kernels whose wave front is the graph 
of a characteristic foliation, in the same way as its partial case for sym- 
plectic manifolds implies the index theorem for elliptic pairs 

Let us describe this situation in more detail. Let E be a coisotropic 
submanifold of a symplectic manifold M. The holonomy groupoid of 
the characteristic foliation on E is an etale groupoid with a symplec- 
tic structure. The canonical deformation quantization of this etale 
groupoid is an algebroid stack, similarly to the case of deformations of 
complex symplectic manifolds that was discussed above. The Rozhansky- 
Witten class can be defined in this situation as well. 

The canonical deformation quantization of the symplectic etale groupoid 
associated to a coisotropic submanifold naturally arises in the study of 
the following question motivated by problems in microlocal analysis. 
For a coisotropic submanifold E of a symplectic manifold M consider 
the graph A of the characteristic foliation which is a Lagrangian sub- 
manifold of the product M x M°p. When M = T*X for a manifold X, 
and E is conic, the Lagrangian A is conic as well, hence determines a 
class of Fourier integral operators given by kernels whose wave fronts 
are contained in A, compare [22]. These operators form an algebra 
under composition since the composition A o A coincides with A. An 
asymptotic version of the operator product gives rise to a deformation 
of the foliation algebra (compare [1]) which we will discuss in a subse- 
quent work. The canonical deformation quantization of the holonomy 
groupoid is, in a suitable sense, Morita equivalent to this algebra. 

This paper is organized as follows. In the section [2] we give overview 
of the preliminaries from the category theory and the theory of (co)simplicial 
spaces. We also describe L Moerdijk's construction of embedding cat- 
egory and stacks on etale categories. 

In the section [3] we review relation between the deformation and 
differential graded Lie algebras as well as discuss in this context defor- 
mations of matrix Azumaya algebras. 

In the section H] we introduce the notion of cosimplicial matrix alge- 
bra and construct a DGLA governing deformations of matrix algebras 
(cf. Theorem l4.5p . We then specialize to the case of cosimplicial matrix 
Azumaya algebras. In this case using the differential geometry of the 
infinite jet bundle we are able to show that the deformation theory of a 
cosimplicial matrix Azumaya algebra A is controlled by DGLA of jets 
of Hochschild cochains twisted by the cohomology class of the gerbe 
associated with A. 
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Finally in the section [5] we apply the results of the previous section to 
study the deformation theory of stacks on etale groupoids. We also use 
these methods to study the deformation theory of a twisted convolution 
algebra of etale groupoid. 



2. Preliminaries 
2.1. Categorical preliminaries. 

2.1.1. The simplicial category. For n = 0, 1, 2, ... we denote by [n] 
the category with objects 0, . . . , n freely generated by the graph 

0^1^ ,n. 

For < i < J < n we denote by {ij) the unique arrow i ^ j m [n]. We 
denote by A the full subcategory of Cat with objects the categories 
[n] for n = 0, 1, 2, . . .. 

For a category C we refer to a functor A: [ra] ^ C as a(n n-jsimplex 
in C. For a morphism / : [m] [n] in A and a simplex A : [n] — C we 
denote by /*(A) the simplex A o /. 

Suppose that / : [m] [n] is a morphism in A and A : [n] — C is a 
simplex. Let fi = /*(A) for short. The morphism (On) in [n] factors 
uniquely into the composition — > /(O) — > /(m) n which, under A, 
gives the factorization of A (On) : A(0) ^ X{n) in C into the composition 

(2.1.1) A(0) ^ /i(0) ^ /i(m) A A(n) , 

where b = /i((Om)). 

For 0<z<'n, + lwe denote by di = : [n] ^ [n -\- 1] the i^^ face 
map, i.e. the unique injective map whose image does not contain the 
object 2 G [n + 1]. 

For 0<z<n — Iwe denote by = s^: [n] — >■ [n — 1] the i^^ 
degeneracy map, i.e. the unique surjective map such that Si{i) = Si{i + 

!)• 

2.1.2. Subdivision. For \: [n] A define Xk by X{k) = [A^], k = 
0,1, ... ,n. Let sd^ : [n] —>■ A(n) be a morphism in A defined by 



(2.1.2) 



sd\k) = \{kn){\k). 
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For a morphism /: [m] [n] in A let sd{f)^ = c in the notations of 
(12.1. II) . Then, the diagram 

[m] — ~ — > [n] 



r(A)(m) ^ AH 



is commutative. 



2.1.3. (Co)simplicial objets. A simphcial object in a category C is 
a functor C. For a simphcial object X we denote by Xn- 

A cosimplicial object in a category C is a functor A ^ C. For a 
cosimplicial object Y we denote by y". 

Simphcial (respectively, cosimplicial) objects in C form a category in 
the standard way. 

2.1.4. Nerve. For n = 0,1,2,... let A^„C: = Hom([n],C). The as- 

signment n i— > NnC, ([m] ^ [n]) NC{f) : = (A i— A o /) defines the 
simphcial set NC called the nerve ofC. 

The effect of the face map (respectively, the degeneracy map s") 
will be denoted by = d]^ (respectively, <,i = ?f ). 

2.1.5. Subdivision of (co)simplicial objects. Assume that coprod- 
ucts in C are represented. Let X G C^"*". 

ForA: M^Alet |X|,: = |X|„: = Ua: n-a I^Ia" 

For a morphism /: [m] [n] in A let |X|(/): \X\^ \-^\m denote 
the map whose restriction to is the map X{sd{f)^). 

The assignment [n] i— >■ \X\^, f i— * |X|(/) defines the simphcial object 
\X\ called the subdivision of X. 

Let sd{X)n'- —>■ Xn denote the map whose restriction to \X\^ is 
the map X{sd^). The assignment [n] \—>- sd{X)n defines the canonical 
morphism of simphcial objects 

sd{X): \X\ X. 

Suppose that C has products. For V E C^, A: [n] ^ A let \V\^ = 
yx{n)^ |V^p = Yl A |V"|^. For a morphism /: [m] ^ [n] in A 

let I^K/): \V\^ denote the map such that pr;^ o |y|(/) = 

V{sd{f)'^) opTj;^^y The assignment [n] ^ / ^ I^K/) defines 

the cosimplicial object \V\ called the subdivision of V. 
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Let sdiy)"^ : V"" \V\^ denote the map such that 'pr^^ o sdiy)"- = 
V{sd^). The assignment [n] ^-^ sd{V)n defines the canonical morphism 
of simphcial objects 

sd{V): V \V\. 

2.1.6. Totalization of cosimplicial vector spaces. Next, we recall 
the definition of the functor Tot which assigns to a cosimplicial vector 
space a complex of vector spaces. 

For n = 0, 1, 2, . . . let f2n denote the polynomial de Rham complex of 
the n-dimensional simplex. In other words, f2„ is the DGCA generated 
by to, . . . ,tn of degree zero and dto, ■ ■ ■ , dtn of degree one subject to 
the relations to + ■ ■ ■ + tn = 1 and dto + ■ ■ ■ + dtn = 0; the differential 
d^ is determined by the Leibniz rule and tj ^— > dti. The assignment 
A 9 [n] I— > Qn extends in a natural way to a simplicial DGCA. 

Suppose that is a cosimplicial vector space. For each morphism 
/ : [p] — >■ [q] in A we have the morphisms V{f) : ^ and fi{f) ■ fig ■ 
Qp. Let Tot(y)^ C rin^n ® denote the subspace which consists of 
those a = (a„) which satisfy the conditions (Id ® K(/))(ap) = {^{f) ® 
Id)(ag) for all f : [p] ^ [q]. The de Rham differential d^: ^''^^ 
induces the differential in 7ot{V). It is clear that the assignment 
V (-^ Tot(l^) is a functor on the category of cosimplicial vectors spaces 
with values in the category of complexes of vector spaces. 

2.L7. Cohomology of cosimplicial vector spaces. For a cosimpli- 
cial vector space V we denote by C(y) (respectively, N(y)), the asso- 
ciated complex (respectively, normalized complex). These are given by 
C'{V) = N'{V) = for i < and, otherwise, by 

C"(V) = V", K^{V) = p|ker(si: V" ^ V"-^) 

i 

In either case the differential d = dy is given by 9" = Ylii^^Y'^?- '^^^ 
natural inclusion A^(V^) ^ C(^) is a quasiisomorphism (see e.g. [13]). 
LetH'iV): = H'{N{V)) = H'{C{V)). 

We will also need the following result, see e.g. [55]: 

Lemma 2.1. Suppose that V is a cosimplicial vector space. The map 
H*{sd{V)): H'{V) — > if*(|l^|) is an isomorphism. 

2.1.8. There is a natural quasiisomorphism 

[ : Tot(V) ^ N{V) 
Jv 
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(see e.g. [H]) such that the composition 

H\V) ^ 7ot{V) ^ N{V) 

coincides with the inclusion H'^iV) "—^ N(y). 

Suppose that (V, d) is a cosimplicial complex of vector spaces. Then, 
for z G Z, we have the cosimplicial vector space V'^: [n] i— >■ {V^'Y. 
Applying Tot( ), N{ ) and C{ ) componentwise we obtain double com- 
plexes whose associated total complexes will be denoted, respectively, 
by Tot(r), N{V) and C{V). The maps 

give rise to the map of complexes 

(2.1.3) ker(V^° ^ V^^) ^ Tot{V) 

Lemma 2.2. Suppose that V is a cosimplicial complex of vector spaces 
such that 

(1) there exists M G Z such that, for all i < M, n = 0, 1, . . 
yn,! _ g complexes V" are bounded below uniformly in 
n) 

(2) for alii eZ and j ^ 0, W{V'^^) = 0. 
Then, the map (12.1.31) is a quasiisomorphism. 

Proof. It suffices to show that the composition 

ker(V^° ^ V^) ^ Tot{V) ^ N{V) 

is a quasiisomorphism. Note that, for i G Z, the acyclicity assumption 
implies that the composition 

ker(y°'^ ^ V^'') = H^{V'') Tot{V'') N{V'')) 

is a quasiisomorphism. Since the second map is a quasiisomorphism so 
is the first one. Since, by assumption, V is uniformly bounded below 
the claim follows. □ 

2.2. Cosimplicial sheaves and stacks. We will denote by ShR(X) 
the category of sheaves of i?-modules on X. 

2.2.1. Cosimplicial sheaves. Suppose that X is a simplicial space. 

A cosimplicial sheaf of vector spaces (or, more generally, a cosimpli- 
cial complex of sheaves) on X is given by the following data: 

(1) for each p = 0, 1, 2, ... a sheaf J-"^ on Xp and 

(2) for each morphism / : [p] — > [q] in A a morphism : X(/)^^JFp - 
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These are subject to the condition: for each pair of composable arrows 
[p] ^ [9] V] diagram map (gof)* : X(gof)^^J^P JF*" is equal to 
the composition X{g o f)-^J^P ^ X{g)-^X{fy^ ^ioT^f* x{gy^T'i ^ 

r. 

Definition 2.3. A cosimphcial sheaf T is special if the structure mor- 
phisms /=„ : X(/)~^JFp — JF'^ are isomorphisms for all /. 

2.2.2. Cohomology of cosimplicial sheaves. For a cosimphcial sheaf 
of vector spaces JF on X let r(X; JF)" = r(X„; J-""). For a morphism 
/: [p] [q] in A let /, = r(X;.F)(/): T{X;J^y ^ r(X;.F)« denote 
the composition 

r{Xp;J^P) r{x,;X{f)-'j^p) ElMll TiX^-J^") 

The assignments [p] 1— T{X;J^y, f ^ f\ define a cosimphcial vector 
space denoted r(X;jF). 

The functor JF t— > if °(r(X; JF)) from the (abelian) category of cosim- 
plicial sheaves of vector spaces on X to the category of vector spaces is 
left exact. Let Rr(X; J^)) = Rii°(r(X; J^), H\X;J^) = RT(X; J^)). 

Assume that J-' satisfies W{Xj; JF-^) =0 for i 7^ 0. For complexes of 
sheaves the assumption on JF-' is that the canonical morphism in the 
derived category T{Xj;J^^) HT^Xj-, J^^) is an isomorphism. Under 
the acyclicity assumption on JF we have 

H^{X;T) = H'J{V{X-J^)) 

2.2.3. Sheaves on the subdivision. For a cosimplicial sheaf JF on 
X let 

=sd{X)-^J^. 
Thus, |JF| is a cosimplicial sheaf on |X| and 

r(|X|;|.F|r = r(|X|„;|.F|J= J] r(X,(„); .F^^")) = |r(X; .F)^ 

A: [n]^A 

i.e. the canonical isomorphism of cosimplicial vector spaces 

r(|X|;|.F|) = |r(X;.F)| 

Lemma 2.4. The map sd{X)* : H'{X;J^) H'{\X\; is an iso- 
morphism. 

Proof. Follows from Lemma [2. II □ 
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2.2.4. We proceed with the notations introduced above. Suppose that 
JF is a special cosimphcial sheaf on X. Then, \J-'\ admits an equivalent 
description better suited for our purposes. 

Let denote the sheaf on \X\^ whose restriction to is given 
by 1^1^: = X{X{On))~^J-'^^^\ For a morphism of simphces f : fi ^ X 
the corresponding (component of the) structure map is defined as 
the unique map making the diagram 

X(c)-iX(/i((Om)))-i^'^(o) X(A(0r2))-i^^W 



X(c)-V{(Om)). 



A(On), 



commutative. Note that exists and is unique since the vertical maps 
are isomorphisms as J-' is special. 

It is clear that \F\' is a cosimphcial sheaf on moreover there is 
a canonical isomorphism \F\' \F\ whose restriction to \X\^ is given 
by the structure map A (On)*. 

2.2.5. Stacks. We refer the reader to [1] and |10] for basic definitions. 
We will use the notion of fibered category interchangeably with that 
of a pseudo-functor. A prestack C on a space F is a category fibered 
over the category of open subsets of Y, equivalently, a pseudo-functor 
U (— > C{U), satisfying the following additional requirement. For an 
open subset UofY and two objects A,Be C{U) we have the presheaf 
Hom^ (A^) on U defined hy U ^ V ^ YLomc(y){A\v, B\b). The 
fibered category C is a prestack if for any U, A,B E C{U), the presheaf 
Bx)m^{A, B) is a sheaf. A prestack is a stack if, in addition, it satisfies 
the condition of effective descent for objects. For a prestack C we 
denote the associated stack by C. 

A stack in groupoids ^ is a gerbe if it is locally nonempty and locally 
connected, i.e. it satisfies 

(1) any point y E Y has a neighborhood U such that Q{U) is 
nonempty; 

(2) for any U<i^Y,yEU,A,BE GiU) there exists a neighborhood 
V C U of y and an isomorphism A\y = B\y. 

Let ^ be a sheaf of abelian groups on Y. An ^-gerbe is a gerbe Q 
with the following additional data: an isomorphism Aa : End (A) ^ A\u 
for every open U CY and A G G{U). These isomorphisms are required 
to satisfy the following compatibility condition. Note that if B E Q{U) 
and B = A then there exists an isomorphism Xab '■ End(-B) End (A) 
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(canonical since A is abelian). Then the identity Xb = \a° Xab should 
hold. 

2.2.6. Cosimplicial stacks. Suppose that X is an etale simplicial 
space. 

A cosimplicial stack C on X is given by the following data: 

(1) for each [p] e A as stack on Xp ; 

(2) for each morphism /: [p] — > [gf] in A a 1-morphism of stacks 
Cf. X{f)-^CP ; 

(3) for any pair of morphisms \p] ^ [q] [r] a 2- morphism C/g : CgO 

X{gnCf)^Cgof 
These arc subject to the associativity condition: for a triple of com- 
posable arrows [p] — ^ [q] — ^ [r] — ^ [s] the equality of 2-morphisms 

Cgof,h O {X{h)-^Cf,g ® IdcJ = CfMog O {idxihogflCf ® Cg,h) 

holds. Here and below we use (8) to denote the horizontal composition 
of 2-morphisms. 

Suppose that C and T> are cosimphcial stacks on X. A l-morphism 
: C — > X> is given by the following data: 

(1) for each [p] e A a 1-morphism 0^: ^ 

(2) for each morphism /: [p] ^ [g] in A a 2-isomorphism (f)f: 0^ o 

Cf^Vfoxifnr) 

which, for every pair of morphisms [p] ^ [q] [r] satisfy 
{Vf^g ldx(g/)*(0p)) o {X{g)*{(j)f) IdvJ o (ldx(p)*(Cy) «) (Pg) 

= (f)gof O (Id^r Cf,g) 

Suppose that and ip are 1-morphisms of cosimplicial stacks C — > 
T>. A 2- morphism 6: — > ^0 is given by a collection of 2-morphisms 
bP: (f)P ^ipP,p^ 0,1, 2,..., which satisfy 

for all /: [p] ^ [g] in A. 

2.2.7. Cosimplicial gerbes. Suppose that A is an abelian cosimpli- 
cial sheaf on X. A cosimplicial A-gerbe ^ on X is a cosimplicial stack 
on X such that 

(1) for each [p] e A, is a A^'-gerbe on Xp. 

(2) For each morphism / : [p] — > [q] in A the 1-morphism 

Gf.xify'gp^g'^ 
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of stacks compatible with the map Aj: X{f ) ^A'^ A*^. 
2.3. Sheaves and stacks on etale categories. 

2.3.1. Etale categories. In what follows (C^-)manifolds are not as- 
sumed to be Hausdorff. Note, however, that, by the very definition a 
manifold is a locally Hausdorff space. An etale map of manifolds is a 
local diffeomorphism. 

An etale category G is a category in manifolds with the manifold 
of objects NqG, the manifold of morphisms NiG and etale structure 
maps. Forgetting the manifold structures on the sets of objects and 
morphisms one obtains the underlying category. 

If the underlying category of an etale category G is a groupoid and 
the inversion map NiG — > NiG is G°° one says that G is an etale 
groupoid. 

We will identify a manifold X with the category with the space of 
objects X and only the identity morphisms. In particular, for any etale 
category G there is a canonical embedding NqG — > G which is identity 
on objects. 

2.3.2. Notation. We will make extensive use of the following nota- 
tional scheme. Suppose that X is a simplicial space (such as the nerve 
of a topological category) and / : [p] — > [q] is a morphism in A. The 
latter induced the map X{f) : Xq ^ Xp of spaces. Note that / is de- 
termined by the number q and the sequence / = (/(O), . . . , f{p — 1)). 
For an object A associated to (or, rather, "on") Xp (such as a function, 
a sheaf, a stack) for which the inverse image under X{f) is define we 
will denote the resulting object on Xq by A^S\ 

2.3.3. Sheaves on etale categories. Suppose that G is an etale cat- 
egory. A sheaf (of sets) on G is a pair F_ = (F, Fqi), where 

• F is a sheaf on the space of objects NqG and 

• Foi : ^ ^ Fq^^^ is an isomorphisms of sheaves on the space of 
morphisms NiG 

which is multiplicative, i.e. satisfies the "cocycle" condition 

p(2) _ p(2) p(2) 

(on N2G) and unit preserving, i.e. 

fS' - Id.. 

We denote by Sh(G') the category of sheaves on G. 
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A morphism f-F_^F'oi sheaves on £ is a morphism of sheaves 
/ : F — > F' on A^o^ which satisfies the "equivariance" condition 

A morphism of etale categories (f): G ^ G' induces the functor of 
inverse image (or pull-back) 

(f)-^: Sh(G") ^ Sh(G'). 

For F = (F, Foi) G Sh(G"), the sheaf on NqG underlying ^-^F is given 
by {No(f))~^F. The image of Fqi under the map 

(iVi0)*: }lom{Fi'\F^'^) 

^ Hom((Ari0)-iF^^\ {N,<p)-'Fi'^) 

- Hom(((Aro0)-iF)«, ((A^o0)-'F)i'^) 

The category Sh(G') has a final object which we will denote by *. 
For F e Sh(G') let r(G;F): = Homsh(G)(*, Z)- The set T{G;F) is 
easily identified with the subset of G-invariant sections of r(A'oG; F). 

A sheaf F on G gives rise to a cosimphcial sheaf on NG which we 
denote F^. The latter is defined as follows. For n — 0,1,2,... let 
Fl = F(J"^ G Sh{NnG). For /: [p] ^ [q\ in A the corresponding 
structure map /* is defined as 

NG(f)-'Fl = F% ^ f(^) = El. 

2.3.4. Stacks on etale categories. 

Definition 2.5. A stack on G is a triple C — (C,Coi,Coi2) which con- 
sists of 

(1) a stack C on NqG 

(2) an equivalence Cqi : C[^^ C^^ 

(3) an isomorphism Cou '■ Cqi'* ° — > C^^ of 1-morphisms c!^^ 



Co 



(2) 



which satisfy 

• CjSs ° (Cjf2 ® Id) = o (Id ® Cfl) 



C^°^ - Id 
'-'00 ~ 



Suppose that C and V are stacks on G. 

Definition 2.6. A 1-morphism 0: C — > P is a pair = (0o, 4>oi) which 
consists of 

(1) a 1-morphism C — > X> of stacks on AqG 
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(2) a 2-isomorphism 0oi : 0o ° ^oi ^ ^oi ° 0i of 1-morphisms 
(-(1) _^ -n(i) 

which satisfy 



(P012 ® Id , (2) ) O ( Id (2) ® </) 2^ ) O {<P);i ® Id (2) ) = ° ( Id . (2) ®Coi2) 

<P2 i^oi '-12 Vq 



f2 ■'^Ol 

Id 

Suppose that and ■i/' are 1-morphisms C^^'D_. 

Definition 2.7. A 2-morphism h\ — > ^/^ is a 2-morphism h: (j)Q ^ ipQ 

which satisfies t/'oi ° (&o^^ ® Idcoi) = (idDm ® o 0oi 

Suppose that 0; G — > G' is a morphism of etale categories and C = 
(C,Coi,Coi2) is a stack on G' . The inverse image 0~^C is the stack on 
G given by the triple {V,Vqi,Vqi2) with V = {No(j))~^C, Vqi equal to 
the image of Coi under the map 

(iVi0)*: Hom(Cf\cJ'') 

^Hom((iVi0)-iC«,(iVi0)-iC«) 

^Hom(Pf\p^^) 

and 2^012 induced by C012 in a similar fashion. 

A stack C on G gives rise to a cosimplicial stack on A^G which we 
denote C^. The latter is defined as follows. For n = 0, 1, 2, . . . let = 
Cg"''. For /: [p] — > [q] in A the corresponding structure 1-morphism 
C^j is defined as 



(?) 



ArG(/)-^C^^ = ^ CS^) = CI. 
For a pair of morphisms [p] ^ [q] [r] let C^j g = Cog(o)<;(/(o)) • 

2.3.5. Gerbes on etale categories. Suppose that G is an etale cat- 
egory, A is an abelian sheaf on G. 

An A-gerbe ^ on G is a stack on G such that 

(1) g is an A°-gerbe on N^G ; 

(2) the 1-morphism Cqi is compatible with the morphism Aqi. 
If Q_ is an A-gerbe G, then is a cosimplicial ^l^-gerbe on A^G. 

2.3.6. The category of embeddings. Below we recall the basics of 
the "category of G-embeddings" associated with an etale category G 
and a basis of the topology on the space of objects of G, which was 
introduced by I. Moerdijk in 
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For an etale category G and a basis B for the topology on NqG we 
denote by Sm{G) or, simply by S, the following category. 

The space of objects is given by NqS = U;7eB disjoint union 

of the elements of B. Thus, the space of morphism decomposes as 

{U,V)eMx'B 

where {Ni£)(jjy^ is defined by the pull-back square 
{Ni£)(jj,v) > N,£ 

U xV > NoS X A^o^. 

(the bottom arrow being the inclusion). Now, (iVi£^)([/ y) C {NiG)(^u,v) 
(the latter defined in the same manner as the former replacing Sm{G) 
by G) is given by {Ni£){u,v) = lla^(^)' where a:U^ {NiG)(u,v) is 
a section of the "source" projection dj: {NiG)(^uy) — > U such that the 

composition U A a{U) F is an embedding. 

With the structure (source, target, composition, "identity") maps 
induced from those of G, £m{G) is an etale category equipped with the 
canonical functor 

Xm{G) : £b{G) G. 

Note that the maps NiX^{G) : Ni£^{G) — >• NiG are etale surjections. 

The canonical map i : NqG — > G induces the map of the respective 
embedding categories £^{1) ■ £m{NoG) £m{G) and the diagram 

^B(iVoG') 
(2.3.1) Xm{NoG) 

NoG 

is commutative. 

2.3.7. First consider the particular case when G = X is a space and B 
is a basis for the topology on X. For an open subset V C X let MOV C 
B = {U eM\U CV}. There is an obvious embedding £BnviV) 

£b{x). 

For F = (F,Foi) e Sh{£M{X)), V C X let XiF denote the presheaf 
on X defined by 

V^r{£^nv{V);F)= lim F{U), 

uevnv 



£m{G) 



Ab(G) 



G 
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where B fl is partially ordered by inclusion. The presheaf X\F_ is in 
fact a sheaf. It is characterized by the following property: X\F\u = F\u 
for any f/ G B. 

Let \^^\\F_ = {H, Hqi). For V an open subset of NqSm{X) we have 

H{V) = {X\F){V) = lim F{U) = F{V) 

u&nv 

naturally in V. We leave it to the reader to check that this extends to 
an isomorphism X~^X\F_ = F_ natural in F_, i.e. to an isomorphism of 
functors A~^A! = Id. 

On the other hand, for H G Sh(X), V an open subset of X, put 
X-^H = (F,Foi); we have 

{XiX-^H){V)= lim F{U)= lim H{U) = H{V) 

u&Mnv umnv 

naturally in V. We leave it to the reader to check that this extends to 
an isomorphism H = XtX'^H natural in H, i.e. to an isomorphism of 
functors Id = AiA^^. 



2.3.8. We now consider the general case. To simplify notations we 
put£: =Su{G),S': =£m{NoG),X: = Ab(G), A': = AB(iVoG). Let 
F = [F, Foi) G Sh{S) and let F' = (F', F^^) : = Sm{^-^F. 

Applying the construction of l2.3.7l to F' we obtain the sheaf AIF' on 
NqG. Note that {NoXy^X\F = F. The properties of the map N^X 
imply that the pull-back map 

(iViA)*: Hom((A;F')S'\(A;F')!,'^) 

= r(AriG;Hom((A;F')S'\(A;F')i')) 

^ r{N,S; (iViA)-iHom((A;F')f \ (A;F')S'^) 
is injective. Combining the latter with the canonical isomorphisms 

(iViA)-iHom((A;F')S'\ (A;F')i'^) = Hom((iViA)-^(A;F')f \ {mX)-\X\F:)il^) 

= Hom(((iVoA)-U;FOf \ ((iVoA)-^A;F')i'^) 
= HomfFf^Fi'^) 

we obtain the injective map 

(2.3.2) Hom((A;F')S'\ (A;F')S,'^) ^ Hom(F('\ Fq^'^). 

We leave it to the reader to verify that the map Fqi lies in the image of 
(1233); let (A;F')oi denote the corresponding element of Hom(t-U;F', s^UlF'))- 
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The pair (A(F', {X\E!)oi) is easily seen to determine a sheaf on G hence- 
forth denoted AiF. The assignment F_ X\F_ extends to a functor, 
denoted 

A,: Sh{S) Sh(G). 

quasi-inverse to the inverse image functor A^^. Hence, A~^(*) = * and, 
for F_ G Sh(G) the map T{G]F_) — > r{S; X~^F_) is an isomorphism. 
Similarly, A^*) = * and, for H e Sh{S) the map T{S]H) T{G; X,H) 
is an isomorphism. 

2.3.9. The functors A~^ and A; restrict to mutually quasi-inverse exact 
equivalences of abelian categories 

A'^ : ShAb(G) ^ ShAb(^) : A, 

The morphism A* : Rr(G; F_) — > Rr(£^; A^^F) is an isomorphism in the 
derived category. 

Suppose that F_ G ShAb(G') is B-acychc, i.e., for any [/ G B, i 7^ 0, 
H\U; F) = 0. Then, the composition C{r{NS; A-^F)) ^ Rr(^; X-^F) = 
Rr(G';F) is an isomorphism in the derived category. 

2.3.10. Suppose given G, M as in 12.3.61 we proceed in the notations 
introduced in 12.3.81 The functor of inverse image under A establishes 
an equivalence of (2-) categories of stack on G and those on £. Below 
we sketch the construction of the quasi- inverse along the lines of 12.3.71 
and [2X81 

First consider the case G = X a space. Let C be a stack on S. For 
an open subset \^ C X let 

XiC{V): = lim C{U), 

u&nv 

where the latter is described in [25], Definition 19.1.6. Briefly, an object 
of X\C{V) is a pair [A, ip) which consists of a function A: MCiV 3 U ^ 
Ajj G C{U) and a function (p: {U C U') h-h> {ipuu'- ^'u\u ~^ ^u)] the 
latter is required to satisfy a kind of a cocycle condition with respect 
to compositions of inclusions of basic open sets. For {A,ip), {A',ip') 
as above the assignment M n V 3 U ^— }lomc{Au, A^) extends to a 
presheaf on B. By definition, 

HomA,c(v)((^,V5), (^',V5')) = 1™ ^omc{Au,A'jj). 

u&nv 

The assignment V t— > X\C{V) extends to a stack on X denoted X\C. We 
have natural equivalences 

X-^X,V = V, XA-^C^C. 
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Continuing with the general case, let C be a stack on S. The stack 
AiC on G is given by the triple {V, Dqi, ^^012) with V — \[£-B,{i)~^C. The 
morphisms Vqi and 'D012 are induced, respectively, by Cqi and Coi2- We 
omit the details. 

2.4. Jet bundle. Let X be a smooth manifold. Let pr • : X x X ^ X. 

2 = 1,2 denote the projection on the i^^ factor and let Ax : X — > X x X 
denote the diagonal embedding. 
Let 

Xx: =ker(A;,). 

The sheaf Xx plays the role of the defining ideal of the "diagonal em- 
bedding X ^ X X X" : there is a short exact sequence of sheaves on 
X X X 

^ Jx ^ Oxxx ^ (Ax)*Ox ^ 0. 
For a locally-free Cx-module of finite rank S let 

Jx ■■ = JxiOx) . 

It is clear from the above definition that J'x is, in a natural way, a 
commutative algebra and Jx{^) is a jT^-module. 
Let 

denote the composition 

Ox ^ (prJ^OxxX ^ 

In what follows, unless stated explicitly otherwise, we regard Jxi.^) as 
a Ox-module via the map l'^'^^. 
Let 

denote the composition 

S (pr J.Oxxx J^{S) 

The map is not Cx-hnear unless k — {). 

For < A; < / the inclusion ^'x'^ induces the surjective map 

7ri,k- Jki^) Jxi^)- The sheaves J^(^), A: = 0, 1, . . . together with 
the maps ni^k, k < I form an inverse system. Let Jx{£) = >Jx{^) '■ ~ 
\imj'^{£). Thus, Jx{^) carries a natural topology. 

The maps l'^'^^ (respectively, j'^), /c = 0, 1, 2, . . . are compatible with 
the projections ni^k, i-e. ni^k o 1^'^ = l^*"^ (respectively, ni^k o i' = j'')- 
Let 1: = liml^'^^ — limj'^. 
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Let 

di : Ox XX %r^^Ox P^2 
denote the exterior derivative along the first factor. It satisfies 

pr-^Q^ ^pr-lO^ ^X %r^'Ox P^2 

for each k and, therefore, induces the map 

The maps df^^ for different values of k are compatible with the maps 
TTi^k giving rise to the canonical flat connection 

vr- Jx{S)^n\ ®oxJx{S) . 

We will also use the following notations: 

Jx ■ = Jx{Ox) 
Jx ■■ = Jx/l{Ox) 
Jx,o ■■ = ker{Jx{Ox) ^ Ox) 

The canonical fiat connection extends to the fiat connection 

Vr-Jx{£)^n]c ®OxJx{S). 

Here and below by abuse of notation we write (.) ®Ox ^x{,£) for 
hm(.) ®Ox J\^)- 

2.4.1. De Rham complexes. Suppose that T is an 0x-Kiodule and 

V: T ^^\®Ox^ 

is a flat connection. The flat connection V extends 
uniquely to a differential V on ^\ ®Ox subject to the Leibniz rule 
with respect to the Jl^-module structure. We will make use of the 
following notation : 

®Ox ■ = ker(l^^ ®Ox ^ ^ ®Ox ^) 

Suppose that {J^'^d) is a complex of Ox-modules with a flat con- 
nection V = (V*)igz, i-e. for each i G Z, V* is a flat connection on JF* 
and [d, V] = 0. Then, [VL\ ®Ox ^* i ^ ■> Id® d) is a double complex. We 
denote by DR(J^) the associated simple complex. 
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2.5. Characteristic classes of cosimplicial C^-gerbes. In this sec- 
tion we consider an etale simplicial manifold X, i.e. a simplicial mani- 
fold X: [p] Xp such that 

(2.5.1) for each morphism /: [p\ [q\ in A, 

the induced map X{f) : Xq Xp is etale 

As a consequence, the collection of sheaves Oxp (respectively, J^Xp, etc.) 
form a special (see Definition 12. 3p cosimplicial sheaf on X which will 
be denoted Ox (respectively, J7x, etc.) 

The goal of this section is to associate to a cosimplicial (9^-gerbe 
S on X a. cohomology class [S] G H'^{\X\;DR{J'^x\)), where \X\ is the 
subdivision of X (see 12.1.5"!) . 

2.5.1. Gerbes on manifolds. Suppose that y is a manifold. We 

begin by sketching a construction which associated to an Oy-gerbe S 
on y a characteristic class in H^{Y; DR{Jy/Oy)) which lifts the more 
familiar de Rham characteristic class [S]dR G H^^{Y). 

The map 1 : Oy Jy of sheaves of rings induces the map of sheaves 
of abelian groups \ : Oy ^ Jy . Let (7): J^^ J^^^ jO^y'^ denote 
the projection. 

Suppose that S is an Oy-gerbe. The composition 

gives rise to the fiy ® J7y-gerbe V™" log 15. Let 

3: (fi^® Jy)^'[l] ^ V^'^^logl^ 

be a trivialization of the latter. 

Since V^"" o V^"" = 0, the ® Jy)^'-gerbe V"''" V^"" log 15 is 
canonically trivialized. Therefore, the trivialization V'^'^"'9 of V'^'^" log \S 
induced by S may (and will) be considered as a (f2y j7y)'^'-torsor. Let 

B: (fi^ ® Jy)^' ^ V"""S 

be a trivialization of the V'^'^^S. 

Since ^''"logol = 1 o c?log, it follows that the ® j7Y)'''-gerbe 
"^can -y^ jg canonically trivialized. Therefore, its trivialization 5 
may (and will) be considered as a (fiy ® j7'y)'^^-torsor. Moreover, since 

ycanymn ^ q ^^2^ ^ Jy^-tOTSOT V™"5 = is CaUOUically 

trivialized, the trivialization induced by i? is a section B of {Qy^J'yY'-, 
i.e. 5 is a cocycle in r(X; DR(i7y)). 

One can show that the class of B in H^{X; DR(j7'y)) 
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(1) depends only on S and not on the auxiliary choices of 9 and B 
made 

(2) coincides with the image of the class of S under the map H^{Y; Oy) 

DR(J'y)) induced by the composition 

H O^/C^ ^ Oy/C ^ DR(Jy) 

On the other hand, H — V^'^B is a trivialization of the canonically 
triviahzed (by V^"" o V'^"'' = 0) (Qf. ® Jy)'^'-torsor y^^y^^Q^ hence 
a section of (Qy ® JyY^ which, clearly, satisfies H = 0, i.e. is a closed 
3-form. Moreover, as is clear from the construction, the class of H 
in H^^{Y) is the image of the class of B under the boundary map 
H\X-m(jY))^Hl^{Y). 

Below we present a generalization of the above construction to etale 
simplicial manifolds. 

2.5.2. Suppose that ^ is a cosimplicial {fix ® Jxj'^'-gerbe on X. An 
example of such is V^"" log 1(5), where S is an C^-gerbe. 

Consider the {Qx ® Jx)"^'-gerbe V'^'^Q. Since the composition 

is equal to zero, V^""^^ is canonically trivialized for all p = 0, 1, 2, . . .. 
Therefore, for a morphism /: [p] — > [q], V"^""^/, being a morphism of 
triviahzed gerbes, may (and will) be regarded as a {Qx^^Jx^y'-torsor. 
Assume given, for each p = 0, 1, 2, . . . 

(i) a choice of trivialization 

^■.(n]^^^jx^yi^gp; 

it induces the trivialization 

Since V"^""^^ is canonically trivialized, V'^'^^S'' may (and will) 
be regarded as a (Q^^ (8) Jxp)"^'-torsor. 
(ii) a choice of trivialization 

BP-. (Q^^ (8) JxJ'' ^ . 

For a morphism /: [p] — > [q] in A the trivialization 5*' induces the 
trivialization 

X {n'x^ jx,r = x{fy\n],^ ® jx,r ^ xify'g^ ; 

thus, ^/ is a morphism of trivialized gerbes, i.e. a 

{fix ^Jx,y-tOTSOT. 

Assume given for each morphism / : [p] — > [q] 
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(iii) a choice of trivialization Pj: {^x^ ® JxqY^ — ^ Gf- 

For a pair of composable arrows [p] [q] [r] the discrepancy 

is global section of {^Xr ® Jx^ ■ Since the map j7x^,o ^ (^x^ ® 

JxrY^ is an isomorphism there is a unique section (3f^g of ^7x^,0 such 
that 



9 ■ 



(2.5.2) V^'^"/?;,, = Gf, 

Lemma 2.8. For any triple of compos able arrows [p] [q] [r] A [$] 

the relation h^Pf^g = Pg^h — Pgf,h + Pf,hg holds. 

Proof. A direct calculation shows that 

KGf,g = Qg,h - Qgf,h + Gf,hg ■ 

Therefore (([2X2])), 

V'^'^^iKPf^g - {Pg,h - Pgf,h + Pf,hg)) = • 

The map ^7x^,0 ^ i^Xr ® •^^r) is an isomorphism, hence the claim 

follows. □ 

2.5.3. We proceed in the notations introduced above. Let 

pr^ : A'^xXp^Xp 
denote the projection. Let 

(2.5.3) pr^ : Wx\^x, ®Ox, Jx,) ^x,xA. ^wx'Ox, V^'x^x, 
denote the canonical map. For a {yt\^ ®Oxp <7xp)-gerbe let 

pr^^ = {vA)*{v^x^G) 

Let 

V'^'^" = pr^^V"''" = ® Id + Id ® V"''" . 
Since ^^=0^* ~ -'- composition 

^XpXA? ®pr3,iOjfj, P^X^^^p 

(^X,xA, %.-^Ox,^^xJx,r^^'^'^ ^ 

^XpXA9 ®pr-lOx„ P^X^^^P 
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of the diagonal map with (ao, . . . , dp) ^— > J2i=o ' is the identity 
map, it follows that the composition 

(2.5.4) pr-l(^]^^®c.^^:^xJ^ 

^ixA, ®pr-0,^ VrxJx, ^ (^^^,xA. ®pr-0^^ VrxJx.r^'"-^^ 

^XpXAi ®pr^'Oxp P^X^'^Xp 

is equal to the map pr^. Since, by definition, the {^XpxAi ^pr'^Ox 

pr3f^ Jxp)-gerbe ^f^g U-p'>^*xG^ is obtained from pr^^^^ via the "change 
of structure group" along the composition (12.5.41) . it is canonically 
equivalent to pT*-^QP. 

Consider a simplex A: [n] — A. Let 



g^: =J2U-W*xGx(in){X{\{zn))-'d 



i=0 



thus g-^ is a trivialization of pr^^^^^"). Since A(m)*S^(*) = g^(") 

n 

g" = pr;,g"(")-5^t,-pr;,6;AM 

i=0 

Therefore, 

n n 
i=0 i=0 

Let -B'^ denote the trivialization of V™"'^'^ given by 

n n 

(2.5.5) = ■ pr;,A(m),5^« - ^c/t, A pr^^/^A^- 

i=0 i=0 



\0<i<j<n J 



where /?A;ij = P\{{ij)),x(ijn))- 



2.5 A. Suppose that fi: [m] ^ A is another simplex and a morphism 
(f): [m] —>■ [n] such that yU = A o 0, i.e. is a morphism of simplices 
fi —>■ X. Let /: yu(m) X{n) denote the map A(0(m) n). The map 
/ induces the maps 

^ X ^^J.{m) < ^ X -^A(n) ^ ^ X -^A(n) 

Proposition 2.9. /n i/ie notations introduced above 
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(1) (Id X X{f))*^^' = (0 X Id)*g^ 

(2) (Id X X(/))*5'^ = (0 X ld)*B^ 

Proof. For : [ni] [n] the induced map 0* : is given by 



(idxx(/))*g^ = 

m 

(Id X X(/))*^t, ■pr;(„)/i((^m)),g'^« = 

i=0 

m 
i=0 

n 

i=o 0(i)=i 

Therefore, (id x X(/))*V^""g^ = (0 x Id)*V'=""S^. 

By Lemma r2.10[ it suffices to verify the second claim for 0: [1] ^ [n]. 
Let k = A(0(O)), / = A(0(1)), p = X{n). With these notations / = (Ip) 
and the left hand side reduces to 

to ■ pr*pikp)*B'' + ti ■ pr;(/p),5' + dto A pr*piip)Aki) 
while the right hand side reads 

to-pr;{kp),B'' + ti-pr;{lp),B'+ 

dto A pr*/3(fcp) + dti A pr*/5(ip)+ 

(tidto - todti) A pr*a(fc/),(;p) 

Using tidto — t^dti = dt^ = —dti and the definition of a{ki),{ip) one sees 
that the two expressions are indeed equal. □ 

Lemma 2.10. The map 

HomA{[l],N) 

induced by the maps A((ij))*: fl^^ Qi, i < j, is injective on the 
subspace of form with coefficients of degree at most one. 

Proof. Left to the reader. □ 
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2.5.5. Suppose that JF is a cosimplicial -geihe on X. 
The composition 

is a derivation, hence factors canonically through the map denoted 

which maps closed forms to closed forms. 

Put Q = li^J-") in 12.5.21 Since the composition 

is equal to the zero map, the (f^Xp ® i7xp)'^'-gerbe Qp is canonically 
trivialized for each p. Therefore, may (and will) be regarded as a 
® J XpY^-^OTSOT. The (f^Xp ® j7'xp)'^'-torsor V'^""'S^' is canonically 
trivialized, therefore. Bp may (and will) be regarded as a section of 
{^k®Jxy. _ 

Since, for a morphism f '■ [v] ^ Wl^ G f = ^{^f)y it follows that Qf 
is canonically trivialized, hence jSf may (and will) be regarded as a 
section of (fi^^ (g) JxpY^- 

It follows that, for a simplex A: [n] — > A, the formula fl2.5.5p gives 
rise to a section of f^A"xX;^(„) ® P^x<^^A(n) which clearly satisfies 

Proposition 2.11. In the notations of \2.5.5\ 

(1) the assignment B: X t—>- B^ defines a cycle in the complex 
Tot(r(|X|;DR(7|x|)) _ 

(2) The class of B in i7^(Tot(r(|X|; DR(j7'|x|))) coincides with the 
image of the class [J-'] G H^{X; fi^'^') of the gerbe T under the 
composition 

•where the first map is the canonical isomorphism (see \2.2.^ and 

the second map is induced by the map = Ox/C - — J x- 
In particular, the class of B does not depend on the choices 
made. 

2.5.6. In the rest of the section we will assume that iS is a cosimplicial 
0]^-gerbe on X such that the gerbes are trivial for all p, i.e. = 
Oxl^]- Our present goal is to obtain simplified expressions for B and 
B in this case. 
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Since a morphism of trivial O^-gerbes is an O^-torsor (equivalently, 
a locally free O-module of rank one), a cosimplicial gerbe S as above 
is given by the following collection of data: 

(1) for each morphism /: [p] [q] in A a line bundle Sf on Xg, 

(2) for each pair of morphisms [p] — ^ [q] — ^ [r] an isomorphism 
Sf^g-. Sg ^ X{g)*{Sf) Sgof of llue bundles on Xr 

These are subject to the associativity condition: for a triple of com- 

posable arrows [p] — ^ [q] [r] — ^ [s] 

In order to calculate the characteristic class of S we will follow the 
method (and notations) of 12.5.21 and 12.5.51 with JF = d\og{S) and the 
following choices: 

(1) is the canonical isomorphism Vl\_^®JxJ[1] = V'^'^" log 1(0^^)[1], 
i.e. is given by the trivial torsor fi^^ (g) J'x^ = V^°'"'logl{0^ ); 

(2) BP is the canonical isomorphism ® Jxp = V^""(f^^^ ® JxJ- 

Then, Qj = V'^"" log 1(5/) = ldlog{Sf) and Bf is equal to the canoni- 
cal trivialization of V^""^/ = V'^""'V'^'^" log l(iS/) (stemming from V^""© 

yean ^ 

For each / : [p] [q] we choose 

(3) a jTxq-linear isomorphism o"/: 5/ ® jTx, Jxq{.Sf) which re- 
duced to the identity modulo j7x,,o 

(4) a trivialization of d\og{Sf), i.e. a connection V/ on the line 
bundle Sf 

Let j3f = (tJ^ o V^"" o (7f] thus, Pf is a trivialization of Qf. The choice 
of V/ determines another trivialization of namely 1(V/) = V/ (S> 
Id + Id (g) V^"". 

Let Ff. = Pf- 1(V/) e T{Xg; n\^®Jxq). Flatness of implies 
that Ff satisfies V^""F/ + l(c(V/)) = which implies that V^'^'^F/ = 0. 
For a pair of composable arrows [p] [q] [r] we have 

(2.5.6) V^^-Pf^g = Fg + XigTFf - Fg^f . 

With these notations, for A : [^] — > A, we have: 

B^ = -J2dUA (l(VA(i„)) + Fxiin))- 
i 

\0<i<j<n 
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and 

(2.5.7) = -J2dti^T'Hin)- 

i 

\0<j<j<n / 

Proposition 2.12. In the notations of \2.5.b\ 

(1) the assignment B: X t—>- B^ defines a cycle in the complex 
Tot(r(|X|;DR(7|x|)) _ 

(2) The class of B in if^(Tot(r(|X|; DR(J^|x|))) coincides with the 
image of the class [S] G H'^{X; Ox) of the gerbe S under the 
composition 

H\X- Ol) ^ H\\X\- ^ H\lotiT{\X\-m(j\x\))) 

where the first map is the canonical isomorphism (see \2.2^) 

and the second map is induced by the map Ox — ^ O^/C^ 

Ox I C — s> J X ■ In particular, the class of B does not depend 
on the choices made. 

3. Deformations and DGLA 
3.1. Deligne 2-groupoid. 

3.1.1. Deligne 2-groupoid. In this subsection we review the con- 
struction of Deligne 2-groupoid of a nilpotent differential graded alge- 
bra (DGLA). We follow fl8[ [T7] and the references therein. 

Suppose that g is a nilpotent DGLA such that 0* = for i < —1. 

A Maurer-Cartan element of q is an element 7 G 0^ satisfying 

(3.1.1) dj + ^[-f,^]=0. 

We denote by MC^(g)o the set of Maurer-Cartan elements of g. 

The unipotent group expg° acts on the set of Maurer-Cartan ele- 
ments of Q by gauge equivalences. This action is given by the formula 



(expX) ■ 7 = 7 - E 7--T^(dX + [7,X]) 

If expX is a gauge equivalence between two Maurer-Cartan elements 
7i and 72 = (exp X) ■ 71 then 

(3.1.2) ci + ad72 = AdexpX(d + ad7i). 
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We denote by MC^(0)i(7i, 72) the set of gauge equivalences between 
7i, 72- The composition 

MC2(0)i(72,73) X MC2(0)i(7i,72) ^ MC^ (0)1(71, 73) 

is given by the product in the group exp0°. 

If 7 e MC^(0)o we can define a Lie bracket [•, on by 

(3.1.3) [a,b]^ = [a,db+[-f,b]]. 

With this bracket 0~^ becomes a nilpotent Lie algebra. We denote by 
exp^0~^ the corresponding unipotent group, and by exp^ the corre- 
sponding exponential map 0~^ — > exp^g"^. If 71, 72 are two Maurer- 
Cartan elements, then the group exp^ 0~^ acts on MC^(0)i(7i, 72). Let 
exp^t e exp^0~^ and let expX e MC^ (0)1 (71, 72). Then 

(exp^ t) ■ (exp X) — exp{dt + [7, t\) expX e exp 0° 

Such an element exp^t is called a 2-morphism between expX and 
(expi) • (expX). We denote by MC^(0)2(expX, expF) the set of 2- 
morphisms between expX and expF. This set is endowed with a 
vertical composition given by the product in the group exp^0^^. 

Let 71, 72, 73 e MC^(0)o. Let expXi2, exp Y12 G MC^ (0)1 (71, 72) and 
expX23, expF23 G ^0^(0)1(72, 73). Then one defines the horizontal 
composition 

®: MC2(0)2(expX23,expr23) x MC'(0)2(exp X12, exp F12) ^ 

MC^(0)2(exp X23 exp X12, exp X23 exp F12) 

as follows. Let cxp^,^ ti2 G MC^(0)2(exp X12, exp F12) and let exp^^ ^23 G 
MC2(0)2(expX23,expr23)- Then 

exp^3 ^23 ® exp^2 ^12 = exp^3 ^23 exp^^{e^^^''^{ti2)) 

To summarize, the data described above forms a 2-groupoid which 

we denote by MC^(0) as follows: 

(1) the set of objects is MC^(0)o 

(2) the groupoid of morphisms MC^(0)(7i, 72), 7^ G MC^(0)o con- 
sists of: 

• objects i.e. 1-morphisms in MC^(0) are given by MC^(0)i(7i, 72) 

- the gauge transformations between 71 and 72. 

• morphisms between expX, cxpF G MC^ (0)1 (71, 72) are 
given by MC^(0)2(expX, exp F). 

A morphism of nilpotent DGLA : — > {) induces a functor : MC^(0) — > 
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We have the following important result ([19], [Hj and references 
therein) . 

Theorem 3.1. Suppose that (p: g ^ I) is a quasi-isomorphism of 
DGLA and let m be a nilpotent commutative ring. Then the induced 
map (f): MC^(g (g) m) ^ MC^(f) m) is an equivalence of 2-groupoids. 

Suppose now that 0: [n] — > 0" is a cosimplicial DGLA. We assume 
that each 0" is a nilpotent DGLA. We denote its component of degree 
i by 0"'* and assume that 0"'* = for i < —1. Then the morphism of 
complexes 

(3.1.4) ker(0° ^ Tot(0) 
(cf. dMJD) is a morphism of DGLA. 

Proposition 3.2. Assume that (5 satisfies the following condition: 

(3.1.5) for all i E Z, /7*'(0''*) =0 forp^O. 
Then the morphism of 2-groupoids 

MC2(ker(0° ^ 6^)) MC2(Tot(0)) 
induced by fl3.1.4p is an equivalence. 

Proof. Follows from Lemma [2.21 and Theorem 13.11 □ 
3.2. Deformations and the Deligne 2-groupoid. 

3.2.1. Pseudo-tensor categories. In order to give a unified treat- 
ment of the deformation complex we will employ the formalism of 
pseudo-tensor categories. We refer the reader to [3] for details. 

Let X be a topological space. The category Shfc(X) has a canonical 
structure of a pseudo-tensor Shfc(X)-category. In particular, for any 
finite set J, an /-family of {Lj}jg/ of sheaves and a sheaf L we have the 
sheaf 

Pf'=(^)({L,},L) = Hom,(®,e/^i,^) 

of /-operations. 

In what follows we consider not necessarily full pseudo-tensor Shfc(X)- 
subcategories of Shfc(X). Given such a category \[', with the nota- 
tions as above, we have the subsheaf P^{{Li},L) of Pf^''^^\{Li} , L) . 

We shall always assume that the pseudo-tensor category under 
consideration satisfies the following additional assumptions: 

(1) For any object L of and any finite dimensional fc- vector space 
V the sheaf L ^ is in \E'; 

(2) for any fc-linear map of finite dimensional vector spaces f : V ^ 
W the map Id ® / belongs to r(X; P*((L ®fe 1/)^ L ®fe W)). 
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3.2.2. Examples of pseudo-tensor categories. 

DIFF Suppose that X is a manifold. Let DIFF denote the following 
pseudo-tensor category. The objects of DIFF are locally free 
modules of finite rank over Ox- In the notations introduced 
above, Pf^^^ {{Li} , L) is defined to be the sheaf of multidiffer- 
ential operators <S>iei^i ~^ ^ (^^^ tensor product is over C). 
JET For X as in the previous example, let JET denote the pseudo- 
tensor category whose objects are locally free modules of finite 
rank over J'x- In the notations introduced above, P/^^({Lj}, L) 
is defined to be the sheaf of continuous Ox- (multi) linear maps 
^■^jLi — * L (the tensor product is over Ox)- 

DEF For \E' as in 13. 2. H and an Artin /c- algebra R let ^E'(-R) denote the 

following pseudo-tensor category. An object of "^{R) is an R- 
module in (i.e. an object M of together with a morphism 
of fc-algebras R r(X; P^{M^, M))) which locally on X is R- 
linearly isomorphic in to an object of the form L^kR, where L 
is an object in \E'. In the notations introduced above, the sheaf 

P^^^\{Mi}, M) of /-operations is defined as the subsheaf of 
/^-multilinear maps in P^{{Mi},M). 

Let \E'(-R) denote the full subcategory of "^{R) whose objects 
are isomorphic to objects of the form L®k R-, L in 

Note that a morphism R ^ S of Artin /c-algebras induces the 
functor ( . ) S: "^{R) — > ^(5*) which restricts to the functor 
( . ) <S)R S: "^{R) — > ^I'(5'). It is clear that the assignment R t— > 

\E'(/2) (respectively, R h-* ^(-R)) defines a functor on ArtAlg;. 
and the inclusion '${R){ . ) — > \E'( . ) is a morphism thereof. 

3.2.3. Hochschild cochains. For n = 1, 2, ... we denote by n the set 
{1, 2, . . . , n}. For an object ^ of \E' we denote by the n-collection 
of objects of \Ef each of which is equal to A and set 

C-{A)=P^iA-,A) , 

and C°{A) ■- = A. The sheaf C"(^) is called the sheaf of Hochschild 
cochains on A of degree n. 

The graded sheaf of vector spaces q{A) : = C*(^)[l] has a canoni- 
cal structure of a graded Lie algebra under the Gerstenhaber bracket 
denoted by [ , ] below. Namely, C"(^)[l] is canonically isomorphic to 
the (graded) Lie algebra of derivations of the free associative co-algebra 
generated by ^[1]. 
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For an operation m G T{X; {A'^ , A)) = T{X;C^{A)) = T{X;g{A)) 
the associativity of m is equivalent to the condition [m, m] = 0. 

Suppose that A is an associative algebra with the product m as 
above. Let 6 = [m, .]. Thus, 5 is a derivation of the graded Lie algebra 
g{A) of degree one. The associativity of m implies that 6 o S = 0, i.e. 
6 defines a differential on q{A) called the Hochschild differential. 

The algebra is called unital if it is endowed with a global section 
1 G r(X; ^) with the usual properties with respect to the product m. 
For a unital algebra the subsheaf of normalized cochains (of degree 
n) C {A) of C^i^A) is defined as the subsheaf of Hochschild cochains 
which vanish whenever evaluated on 1 as one the arguments for n > 0; 
by definition, = C^{A). 

The graded subsheaf C {A) [1] is closed under the Gerstenhaber bracket 
and the action of the Hochschild differential, and the inclusion 

C\A)[l]^C\A)[l] 

is a quasi-isomorphism of DGLA. 

Suppose in addition that i? is a commutative Artin fc-algebra with 
the (nilpotent) maximal ideal vixr. Then, r(X; q{A) ®k itlr) is a nilpo- 
tent DGLA concentrated in degree greater than or equal to —1. There- 
fore, the Deligne 2-groupoid MC^(g(A) ®k'^R) is defined. Moreover, it 
is clear that the assignment 

R^UC\V{X-q{A) ®k vciR) 
extends to a functor on the category of commutative Artin algebras. 

3.2.4. DIFF and JET. Unless otherwise stated, from now on a locally 
free module over Ox (respectively, Jx) of finite rank is understood 
as an object of the pseudo-tensor category DIFF (respectively, JET) 
defined in [3X1 

Suppose that A is an Ox-Azumaya algebra, i.e. a sheaf of (central) 
Ox-algebras locally isomorphic to Mat„((9x)- The canonical flat con- 
nection V^" on Jx{,A) induces the fiat connection, still denoted V^"", 
on C^{Jx{A)). 

The fiat connection V^"" acts by derivation of the Gerstenhaber 
bracket which commute with the Hochschild differential 5. Hence, we 
have the DGLA Vt\ ®Ox C'{Jx{A))[l] with the differential V^"" + 5. 

Lemma 3.3. The de Rham complex DR(C"(j7x(^))) : = {^*x ®Ox 
C"(Jx(^)), V^*") satisfies 

(1) Wm{C''{Jx{A))) = Qfori^Q 
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(2) The map : C'^{Jx{,-A)) is an isomorphism onto 

H^m{C^{Jx{A))). 

Corollary 3.4. The map 

r-. C'{A)[1] ^ n-^ C'{Jx{A))[l] 

is a quasi-isomorphism of DGLA. 

3.2.5. Star products. Suppose that A is an object of \I/ with an as- 
sociative multiplication m and the unit 1 as above. 

We denote by ArtAlg;, the category of (finitely generated, commuta- 
tive, unital) Artin /c-algebras. Recall that an Artin fc-algebra is a local 
fc-algebra R with the maximal ideal vcir which is nilpotent, i.e. there 
exists a positive integer N such that = 0; in particular, an Artin 
fc- algebra is a finite dimensional A;- vector space. There is a canonical 
isomorphism R/vc\.r = k. A morphism of Artin algebras (p: R ^ S is a 
fc-algebra homomorphism which satisfies 0(m/j) C mg. 

Definition 3.5. For R G ArtAlg^, an R-star product on A is an R- 
bilinear operation m' G r(X; {J^ , A®kR)) which is associative and 
whose image in r(X; P2{J^iA)) (under composition with the canoni- 
cal map A®k R ^ A) coincides with m. 

An i?-star product m' as in 13.51 determines an i?-bilinear operation 
m' G P2 {{A ®k RY ,A®k R) which endows A®k R with a structure 
of a unital associative i?-algebra. 

The 2-category of i?-star products on A, denoted Def(^)(i?), is de- 
fined as follows: 

• objects are the i?-star products on A, 

• a 1-morphism 0: mi — >■ m2 between the i?-star products 

is an operation G P^{A^,A ®k R) whose image in G 
P^ {A^, A) (under the composition with the canonical map A®k 
R A) is equal to the identity, and whose i?-linear extension 
G P^{A^, A ®k R) is a morphism of _R-algebras. 

• a 2-morphism 6: — > -0, where 0,'0- ^1 ~^ ^2 ai'e two 1- 
morphisms, are elements h G 1®1 + V[X; A®k^R) C V{X;A®k 
R) such that m2(0(a), b) = m2{b, ip{a)) for all a G .4 ®fc R. 

It follows easily from the above definition and the nilpotency of mpt 
that Def(^)(i?) is a 2-groupoid. 

Note that Def(^)(i?) is non-empty: it contains the trivial deforma- 
tion, i.e. the star product, still denoted m, which is the i?-bilinear 
extension of the product on A. 

It is clear that the assignment R 1— > Def(^)(_R) extends to a functor 
on ArtAlg^. 
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3.2.6. Star products and the Deligne 2-groupoid. We continue 
in notations introduced above. In particular, we are considering a sheaf 
of associative fc-algebras A with the product m G T{X;C^{A)). The 
product m determines the element, still denoted m in r(X; g^{A) ®fc-R) 
for any commutative Artin fc-algebra R, hence, the Hochschild differ- 
ential 6: = [m, ] in g{A) <^k R- 

Suppose that m' is an i?-star product on A. Since jj,{m') : = m' — 
m = mod rri/j we have /i(m') G Q^{A) ®kXnR. Moreover, the associa- 
tivity of m' implies that fi{m') satisfies the Maurer-Cartan equation, 
i.e. ii{m') G MC\T{X;g{A) ®fcm,j))o. 

It is easy to see that the assignment m' yu(m') extends to a functor 

(3.2.1) Def(^)(/2) MC\T{X; g{A) (g)k m^j)) . 

The following proposition is well-known (cf. [161 HI HTj). 
Proposition 3.6. The functor (13.2. ip is an isomorphism of2-groupoids. 
3.3. Matrix Azumaya algebras. 

3.3.1. Azumaya algebras. Suppose that is a sheaf of commutative 
C- algebras. 

An Azumaya K- algebra on X is a sheaf of central A'-algebras which 
is a twisted form of (i.e. locally isomorphic to) Mat„(A') for suitable n. 
In our applications the algebra K will be either Ox of J'x- 

There is a central extension of Lie algebras 

(3.3.1) 0^ K ^ A^DeTKiA) ^0 

where the map 6 is given by 6{a) : b \—>- [a,b]. 

For an O^-Azumaya algebra we denote by C{A) the fl\-^o^'Derox i-^)- 
torsor of (locally defined) connections V on ^ which satisfy the Leibniz 
rule V(a6) = V(a)6 + aV(6). 

For the sake of brevity we will refer to Azumaya O^-algebras simply 
as Azumaya algebras (on X). 

3.3.2. Splittings. Suppose that A is an Azumaya algebra. 

Definition 3.7. A splitting of ^ is a pair {S, 0) consisting of a vector 
bundle S and an isomorphism (p: A ^ End ^^,, (£^). 

A morphism /: (£^i,0i) (^2,02) of splittings is an isomorphism 
f : £i ^ £2 such that Ad(/) o 02 = 0i- 

Let S{A) denote the stack such that, for [/ C X, S{A){U) is the 
category of splittings of A\u- 
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The sheaf of automorphisms of any object is canonically isomorphic 
(the subgroup of central units). As is easy to see, S{A) is an 
O^-gerhe. 

Suppose that A and B are Azumaya algebras on X and F is an 
Ox-linear equivalence of respective categories of modules. 

Lemma 3.8. // {S, (p) is a splitting of A, then the B-module F{S, (p) 
is a splitting of B. 

Corollary 3.9. The induced functor S{F) : S{A) S{B) is an equiv- 
alence. 

In fact, it is clear that S{.) extends to functor from the 2-category 
of Azumaya algebras on X to the 2-category of O^-geihes. 

3.3.3. Matrix algebras. Until further notice we work in a fixed pseudo- 
tensor subcategory \E' of Shfc(X) as in 13.2. 1[ In particular, all algebraic 
structures are understood to be given by operations in 
Suppose that i^' is a sheaf of commutative algebras on X. 

Definition 3.10. A matrix K -algebra is a sheaf of associative K- 
algebras A (on X) together with a decomposition A = Xlf j=o -^iJ ^^^'^ 
a direct sum of i^-submodules which satisfies 

(1) for < i, j, k < p the product on A restricts to a map Aij ®k 
Ajk Aik in Y(^XjP (^{Aij,Ajk},Aik)) 

(2) for < i, j < p the left (respectively, right) action of An (re- 
spectively, Ajj) on Aij given by the restriction of the product 
is unital. 

Note that, for < i < J9, the composition K ^ A ^ An (together 
with the restriction of the product) endows the sheaf An with a struc- 
ture of an associative algebra. The second condition in Definition 13. 101 
says that Aij is a unital ^jj-module (respectively, ^°^-module). 

For a matrix algebra as above we denote by <^{A) the subalgebra of 
"diagonal" matrices, i.e. <^{A) = ^2^=0"^^- 

Suppose that A = Yl^j=o -^ij B = Yl^j=o ^ij ^"^^ matrix 
i^T-algebras (of the same size). 

Definition 3.11. A 1-morphism F: A ^ B of matrix algebras is a 
morphism of sheaves of i^T-algebras in T {X ; P"^ {{A} , B)) such that 
F{Aj) c 

Suppose that Fi, F2: A ^ B are 1-morphisms of matrix algebras. 

Definition 3.12. A 2-morphism 6 : Fi — > F2 is a section 6 e T{X;d{B)) 
such that b ■ Fi = F2 ■ b. 
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In what follows we will assume that a matrix algebra satisfies the 
following condition: 

ioT < i,j < p the sheaf Aij is a locally free module of rank one 
over An and over A'jj. 

3.3.4. Combinatorial restriction for matrix algebras. Suppose 
that A = Ylij=o ^ matrix X-algebra and / : [p] — > [q] is a mor- 

phism in A. 

Definition 3.13. The the combinatorial restriction f'^A (of A along 
f) is the matrix algebra with the underlying sheaf 

i,j=Q 

The product on f'^A is induced by the product on A. 

Suppose that F: A B is a. 1-morphism of matrix algebras. The 
combinatorial restriction pA — > /"B is defined in an obvious 

manner. For a 2-morphism 6: Fi — > F2 the combinatorial restriction 

fib: f^F, ^ /ttF2 is given by = 

For < i < < J < p let {Af)ij = Aif(j). Let 

i=0 j=0 

The sheaf Af is endowed with a structure of a ^ <Sik (/''^)°^-module 
given by 

q p 

(3.3.2) {abc)a = CLijhjkCki 

k=0 j=0 

where a = EL=o%- ^ A b = ELoE?=o^ii ^ Af, c = Y!'i,j=QCij G 
f^A and ahce Af. 

The f^A®K ^"^'-module A~f^ is defined in a similar fashion, with 

{Af)ij = Af^i)j, 0<i<p,0<j <q. 
Let 'a f-. Af <8)/m A'J^ — > ^ be defined by 

p 

(3.3.3) a{h ® c)ij = ^ bikCkj 

k=0 

Where b = ELoE,'=o% ^ Af, c = EtoE,^^^. ^ Simi- 
larly one constructs an isomorphism 'a"/: Aj^ ®a Af — > f'^A of 
bimodules. 
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Lemma 3.14. The himodules Af and Aj'^ together with the maps ly f 
and "a j implement a Morita equivalence between f^A and A. 

3.3.5. Matrix Azumaya algebras. 

Definition 3.15. A matrix Azumaya K-algebra on A is a matrix K- 
algebra A = J2i j -^ij "which satisfies the additional condition An = K. 

A matrix Azumaya A-algebra is, in particular, an Azumaya K- 
algebra. Let \)er k{A)^"'^ denote the sheaf of K-linear derivations which 
preserve the decomposition. Note that Her k{A)^°'^ is a sheaf of abelian 
Lie algebras. The short exact sequence (13.3. ip restricts to the short 
exact sequence 

O^K ^ d{A) ^ Derx(^)'°' ^ 

For an Ox matrix Azumaya algebra we denote by C{Ay"'^ the sub- 
sheaf of C{A) whose sections are the connections which preserve the 
decomposition. The sheaf C{Ay°'^ is an fl\ Derc)^(.4.)'°'^-torsor. 

If .4 is a matrix Azumaya algebra, then both A®Ox >^x and Jlx{A) 
are matrix Azumaya ^Tx-algebras. Let Isom ^f^ Cg)n^ J^x, >Jx{A)y°^ 
denote the sheaf of jTx-matrix algebra isomorphisms A ®Ox >^x 
J^x{A) making the following diagram commutative: 

A ®Ox Jx Jx{A) 



PA 



A Id A 

A ^A 

where p_A is the canonical projection and p: = pox- 

Let AvLtf ^(A<^n^ xJxY"'^ denote the sheaf of jTx-matrix algebra auto- 
morphisms of A ^Ox ^x making the following diagram commutative: 

A ®Ox Jx A ®Ox Jx 



Id(g)p 



Id(g)p 



A Id A 

A ^A 



The sheaf Isomg [A ®Ox Jx-, Jx{A^y°'' is a torsor under Autp f^ ®Ox 
JxY°'^ and the latter is soft. 

Note that Autp f^ ®Ox JxY"^ is a sheaf of pro-unipotent Abelian 
groups and the map 

(3.3.4) exp: Dero^(^)'°'^ ®Ox Jxfi ^ Auto(^®o^ Jx)'"" 

is an isomoprhism of sheaves of groups. 
3.4. DGLA of local cochains. 
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3.4.1. Local cochains on matrix algebras. Suppose that B = 0f 
is a slieaf of matrix fc-algebras. Under these circumstances one can as- 
sociate to i3 a DGLA of local cochains defined as follows. 

Let C^BY"" = Forn > 1 let denote the subsheaf of 

C"(i3) of multilinear maps D such that for any collection of Si^^j^ G Bi^j,, 

(1) D{si^j^^ - ■ - ^Si^jJ = unless jk = ik+i for all = 1, . . . , n- 1 

(2) D{sigi, ® Si,i^ ■ ■ ■ ® Si^_,iJ e Bigi„ 

For /= (^o,...,^„) e let 

C'iBY"^: =C'"(i3)'-nHom,(®^-oiS,^,,^.,,,i3,,,J . 

The restriction maps along the embeddings ^^Zo^ijij+i ^ induce 
an isomorphism ©7e[p]xn+iC^(i3)'°^ 

The sheaf C'{By°^[l] is a subDGLA of C'{B)[1] and the inclusion 
map is a quasi-isomorphism. 

3.4.2. Combinatorial restriction of local cochains. As in 13.4. ![ 

B = 0^j=o ^ sheaf of matrix i^-algebras. 

The DGLA C"(i3)'°'^[l] has additional variance not exhibited by C'{B)[1]. 
Namely, for / : [p] ^ [q] there is a natural map of DGLA 

(3.4.1) f : C'iBy^'ll] ^ CifBy^'ll] 

defined as follows. Let f^-' : {pB)ij — > Bf(^i)f(^j) denote the tautological 
isomorphism. For each collection / = (zq, ■ ■ ■ ,in) ^ let 

Let /jj": = ©/e[p]x(n+i)/jj'^. The map (13.4. ip is defined as restriction 
along f^. 

Lemma 3.16. The map (13.4. ip is a morphism of DGLA 

p. c*{By"^[i] cifBy^^ii] . 

3.4.3. Deformations of matrix algebras. For a matrix algebra B 
on X we denote by Def (S)''"^(i?) the subgroupoid of Def(i3)(i?) with 
objects -R-star products which respect the decomposition given by {B^k 
R)ij = Bij ®fe R and 1- and 2-morphisms defined accordingly. The 
composition 

Def(i3)'°"(/?) ^ Def(i3)(i?) ^ MC2(r(X; C'{B)[1]) 0^ m/j) 

takes values in MC^(r(X; C"(i3)'°'=[l])®femi?) and estabhshes an isomor- 
phism of 2-groupoids Def (;B)'°'=(i?) ^ MC^(r(X; C'{By°'[l]) ©^ mn). 
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4. Deformations of cosimplicial matrix Azumaya algebras 

4.1. Cosimplicial matrix algebras. Suppose that X is a simpli- 
cial space. We assume given a cosimplicial pseudo-tensor category 
[p] 1-^ "^P, p = 0,1,2,..., where is a pseudo-tensor subcate- 
gory Shfc(Xp) (see 13.2.1]) so that for any morphism /: [p] — » [q] in A 
the corresponding functor X{f)~^: Shfc(Xp) — > Sh^^Xg) restricts to a 
functor X{f)~^: —>■ If X is an etale simplicial manifold, then 
both DIFF and JET are examples of such. In what follows all algebraic 
structures are understood to be given by operations in 

Suppose that K is a special cosimplicial sheaf (see Definition 12. 3p of 
commutative algebras on X. 

Definition 4.1. A cosimplicial matrix K-algebra ^ on X is given by 
the following data: 

(1) for each p = 0, 1, 2, ... a matrix i^^-algebra = Yl^j=o -^ij 

(2) for each morphism / : [p] — [q] in A an isomorphism of matrix 
if-^-algebras X{f)-^AP pA'^. 

These are subject to the associativity condition: for any pair of com- 

posable arrows [p] [q] [r] 

Remark 4.2. As is clear from the above definition, a cosimplicial matrix 
algebra is not a cosimplicial sheaf of algebras in the usual sense. 

Suppose that A and B are two cosimplicial matrix algebras on X. A 
1-morphism of cosimplicial matrix algebras F: A ^ B is given by the 
collection of morphisms 

FP; A^^BP 

of matrix K^-algebras subject to the compatibility condition: for any 
morphism / : [p] — > [q] in A the diagram 

X{f)-'AP fAi 



ft pi 



X{f)-^BP f^Bi 

commutes. The composition of 1-morphisms is given by the composi- 
tion of their respective components. 

The identity 1-morphism Id_4: ^ — ^ is given by Id^ = Id. 

Suppose that Fi, F2: A B are two 1-morphisms. A 2-morphism 
6 : Fi — > F2 is given by a collection of 2-morphisms If: Ff ^ F2 satis- 
fying 
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for any morphism /: [p\ ^ [q\ in A. The compositions of 2-morphisms 
are again componentwise. 

Let CMA^(X) denote the category of cosimphcial matrix i^-algebras 
with 1- and 2-morphisms defined as above. In the case when \1/ = 
Shfc(X), i.e. no restrictions are imposed, we will simply write CMAi^(X). 

4.2. Deformations of cosimplicial matrix algebras. 

4.2.1. DGLA from cosimplicial matrix algebras. Suppose that X 
is a simplicial space and K isa, special cosimplicial sheaf of commutative 
fc-algebras on X. To ^ G CMA^(X) we associate a cosimplicial sheaf 
of DGLA q{A) on |X| (see|2X5]). 

Let Q^{A) denote the sheaf on |X|^ whose restriction to |X|^ is equal 
to X(A(On))-iC"(^^W)'°^[l]. 

For a morphism / : [m] — > [n] in A let 

|X|(/)-i0™(^)^g"(^) 
denote the map whose restriction to |X|^ is equal to the composition 

X(T(/)^)-^X(/*(A)(Om))-^C"(^^*(^)(°))'°^[l] ^ 

X(T(/)^ o r(A)(Om))-iC"(^^*(^)W)'°^[l] A 
X(A(On))-iC"(/U^(°))'°^[l] ^ 

X(A(On))-^C"(^^(°))'°^[l] 

in the notations of 12.1. 2[ 

We leave it to the reader to check that the assignment [n] 0"(^), 
/ is a cosimplicial sheaf of DGLA on |X|. 

We will denote by c)(^) the cosimphcial subDGLA [n] t-^ X(A(On))"^0 
For each i = 0, 1, ... we have the cosimplicial vector space of degree 
i local cochains r(|X|; g*'^(^)), [n] ^ r(|X|„; g"'*(^)). The following 
theorem was proved in ^ in the special case when X is the nerve of 
an open cover of a manifold. The proof of Theorem 5.2 in ^ extends 
verbatim to give the following result. 

Theorem 4.3. For each i,j e Z, j ^ 0, W{T{\X\; g''^{A))) = 0. 
Let 

(4.2.1) 6(^) = Tot(r(|X|;0(^))). 

As will be shown in Theorem 14.51 the DGLA 0(v4) plays the role of a 
deformation complex of A. 
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4.2.2. The deformation functor. Suppose that X is a simplicial 
space, \1/ is as in 14. II subject to the additional condition as in 13.2.51 For 
A G CMA^(X) we define the deformation functor Def(^) on ArtAlg^ 
(see 13.2.51 for Artin algebras). 

Definition 4.4. An R- deformation B/j of A is a cosimplicial matrix 
i?-algebra structure on Ar : = A®k R with the following properties: 

(1) Bn e CMA^(X) 

(2) for all /: [p] [q] the structure map /f : X{f)-^BP f^B'^ is 
equal to the map f^ ® Idn: X{f)-^AP ®k R ^ f^A'^ ®fc R. 

(3) the identification Bji(^Rk = ^ is compatible with the respective 
cosimplicial matrix algebra structures. 

A 1-morphism of i?-deformations of ^ is a 1-morphism of cosimpli- 
cial matrix i?-algebras which reduces to the identity 1-morphism Id^ 
modulo the maximal ideal. 

A 2-morphism between 1-morphisms of deformations is a 2-morphism 
which reduces to the identity endomorphism of Id^ modulo the maxi- 
mal. 

We denote by Def (^) (R) the 2-category with objects /^-deformations 
of A, 1-morphisms and 2-morphisms as above. It is clear that the 
assignment R t— > Def {A) {R) is natural in R. 

4.2.3. Suppose given an i?-deformation B of ^ as above. Then, for 
each p = 0,1,2,... we have the Maurer-Cartan (MC) element 7^ G 
T{Xp; C'{APy°^[l]) (^fcTTiR which corresponds to the i?-deformation B^ 
of the matrix algebra A^ on Xp. This collection defines a MC ele- 
ment 7 G r(|X|Q, g''(^)). It is clear from the definition that 7 G 
ker(r(|X|Q,0°(^)) =^ T{\X\-^,Q^{A))) ®k ^r. This correspondence in- 
duces a bijection between the objects of Def(X;^)(_R) and those of 



MC2(ker(r(|X|o,0O(^)) ^ T{\X\^, q\A))) 0k m^j), which can clearly 



be extended to an isomorphism of 2-groupoids. Recall that we have a 
morphism of DGLA 



This morphism induces a morphism of the corresponding Deligne 
2-groupoids. Therefore we obtain a morphism of 2-groupoids 



(4.2.2) 



ker(r(|X|o,0°(^)) ^ T{\X\„g\A))) - 0(^) 



where &{A) = Tot(r(|X|; g(^))). 



(4.2.3) 



Def(^)(i?) ^ MC^eiA) 0k mR) 



Theorem 4.5. The map fl4.2.3p is an equivalence of 2-groupoids. 
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Proof. Theorem 14.31 shows that the condition (13.1.51) of the Proposition 
13.21 is satisfied. The statement of the Theorem then follows from the 
conclusion of the Proposition 13. 2[ □ 

4.3. Deformations of cosimplicial matrix Azumaya algebras. 

Suppose that X is a Hausdorff etale simplicial manifold. 

4.3.1. Cosimplicial matrix Azumaya algebras. 

Definition 4.6. A cosimplicial matrix Azumaya K-algebra ^ on X 
is a cosimplicial matrix K-algebra on X (see 14.11) such that for every 
p = 0,1,2,... the matrix algebra is a matrix Azumaya i^'- algebra 
on Xp (see Definition I3.15p . 

Suppose that ^ is a cosimplicial matrix (9x-Azumaya algebra. Recall 
that, by convention we treat such as objects of DIFF (see 13.2.2"!) . 

Then, J7x(^) is a cosimplicial matrix ^Tx-Azumaya algebra, which 
we view as an object of JET, (see I3.2.2p equipped with the canoni- 
cal fiat connection V^". Therefore, we have the cosimplicial DGLA 
with fiat connection q{J^x{A.)) on |A|, hence the cosimplicial DGLA 
m{Q{Jx{A)). Let 

(5uk{Jx{A)) = Tot(r(|A|;DR(0(JxM))))) 

The inclusion of the subsheaf of horizontal sections is a quasi-isomorphism 
of DGLA q{A) — ^ DR{g{J'x{A))) which induces the quasi-isomorphism 
of DGLA 

(4.3.1) (5{A) ^ ^miJxiA)) 

4.3.2. Cosimplicial splitting. Suppose that ^ is a cosimplicial ma- 
trix (9x-Azumaya algebra. 

According to 13.3.21 for each p = 0,l,2,...we have the gerbe S{A^) 
on Xp. Moreover, for each morphism /: [p] —>■ [q] in A we have the 
morphism /* : X{f)^^S{A^) S^A"^) defined as the composition 

S(A'') 

X{f)~'S{AP) = S{X{f)-^AP) ^ SifA'') ^ S{A'') 

It is clear that the assignment [p] t— > S{A^), / t-^- /* is a cosimplicial 
gerbe on X. 

Let S^: = (B^^qA^q. There is a natural isomorphism A'^ = End (£P), 
the action given by the isomorphism Aij ® Ajo Aio- In other 
words, is a splitting of the Azumaya algebra A^, i.e. a morphism 
S'':0^^[l]^S{An. 

We are going to extend the assignment p \—>- (9]^^[1] to a cosimplicial 
gerbe iS_4 on X so that £^ is a morphism of cosimplicial gerbes iS^ 
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S{A). To this end, for /: [p] — > [q] let (5^)/ = -^o/(o)- -^^^ ^ P^^^ 

of composable arrows [p] [q] [r] let be defined by the 

isomorphism X{g)-\Al^^Q^) ® ^[^^(o) = ^^^(/(o))- 

Since /*^fo — "^/(O/Co) ~ '^/(j)o ® -^0/(0) every i we obtain a 
canonical chain of isomorphisms 

(4.3.2) A} f*S' = 0^!/(o) = 0^?o ® ^^/(o) = ® ^0/(0)- 

Let ^^j- be the 2-morphism induced by the isomorphism (14.3.21) . We 
than have the following: 

Lemma 4.7. {S^, Sf) is a morphism of cosimplicial gerbes S^x — ^ S{A). 
4.3.3. Twisted DGLA of jets. 

Definition 4.8. For a DGLA (r, d) and a Maurer-Cartan element 
7 G Der(r) we define the •y-twist of r, denoted r^, to be the DGLA 
whose underlying graded Lie algebra coincides with that of r and whose 
differential is equal to c? + 7. 

In 14.3.21 we associated with A a cosimplicial gerbe iS^ on X. The 
construction of 12.5.61 associates to the characteristic class [5^] G 
H'^{\X\; iDR(j'x) I) represented by a 2- co cycle 5 G Tot(r(|X|; \m(Jx)\)) 
dependent on appropriate choices. 

Recall that under the standing assumption that X is a Hausdorff 
etale simplicial manifold, the cosimplicial sheaves Ox, Jx-, 
special. 

We have special cosimplicial sheaves of DGLA C ((9x)[l] andDR(C (Jx)[l])- 
The inclusion of the subsheaf of horizontal sections is a quasi-isomorphism 
of DGLA C'(Ox)[l] ^ m{C\jxW\. Let 

^drC^x) = Tot(r(|X|; |DR(C'(Jx)[l])|')) 

(see [2231 for |«|'). 

The canonical isomorphism |DR(j7'x)| — |DR(J7'x)| (see 12.2.4]) induces 
the isomorphism of complexes Tot (r(|X I; \m.{J x)\)) = Tot(r(|X|; |DR( J'x)|'))• 
Thus, we may (and will) consider as a 2-cocycle in the latter complex. 

The adjoint action of the abelian DGLA J7x[l] on C {Jx^\\\ induced 
an action of i/xil] on C (J7x)[l]- The latter action gives rise to an 
action of the DGLA Tot(r(|A|; |DR(Jx[l])|')) on the DGLA 6dr(Jx) 
by derivations. Since the cocycle i? is a Maurer-Cartan element in 
Der(0DR(Jx)), the DGLA 0dr(J^x)b is defined. 
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4.4. Construction. Let ^ be a cosimplicial matrix Ox-Azumaya al- 
gebra on X. Tliis section is devoted to the construction and uniqueness 
properties of the isomorphism fl4.4.22p . 

To simphfy the notations we will denote Ox (respectively, Oxp, Jxi 
Jx,) by O (respectively O^, J, J^). 

4.4.1. Construction: step one. We have the cosimplicial matrix J- 
Azumaya algebra A® J , hence the cosimplicial graded Lie algebras 
q{A ® J) and f2p^| ® q{A ® J). Let denote the graded Lie algebra 
lot{T{\X\-n'^^®Q{A®J))). 

We begin by constructing an isomorphism of graded Lie algebras. 

(4.4.1) T.: S^^^^^{J{A)) 
For each p = 0, 1, 2, ... we choose 

a'P e Isomo(^P ® JP, J{A'')y'"' . 

Consider a simplex A: [n] ^ A. 
For < i < n the composition 

X(A(On))-U^(°) ^ 

X(A(zn))-iX(A(Oz))-U^(°) X(A(m))-^A(OOU^« 
defines an isomorphism 

(4.4.2) X(A(0r2))-M^(°) ^ X{X{in))-^X{OifA^^'^ 

The composition of the map X {X{in))* X{Oi)^ with the isomorphism 
(14.4.21) defines the following maps, all of which we denote by •: 

tI,: Isomo(^^« ® J^^'\ J{A^^'^)y°' ^ 

Isomo(X(A(On))-U^(°) ® J^^''\ J^(X(A(On))-U^(°)))'°^ 

rA*.:^x.«®c7-(^^«)'-®:r^«^ 

^x,(„) ® C7'((X(A(0n))-U^(°))'°" ® 

etc. Define = rj^^jcx^^^^ 

Recall that pr^ : Xp x A" — >■ Xp denotes the projection. Let be an 
element in Isomo(pr-i(X(A(On))-U^(°)(8)J^^(°)), pr"^ J(X(A(On))-U^(°)))'' 
defined as follows. For each morphism /: [p] —>■ [q] in A there is a 
unique 

m e r(X,;Derc,j^(X(/)-U^)'°^® Jo") 
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such that the composition 
is equal to the composition 



Let 

n 

(4.4.3) = (pr;,a^) oexp(-^t, ■ A(Oz)%(A(^n))). 

i=0 

In this formula and below we use the isomorphism f l4.4.2p to view 
A(0z)«i9(A(m)) as an element of r(XA(„);DeroA(„)(X(A(0r2))-U^(°))'°^O 

The isomorphism of algebras induces the isomorphism of graded 
Lie algebras 



A(n) 



Lemma 4.9. The map a induces an isomorphism 

®C ® Sa(^ ® ^) ®C ^x,^„, ® 0a(^(^)) 

Proof. It is sufficient to check that exp(— Y17=o ' A(0i)'''(9(A(m))) maps 
0a(^®^) into nn®cdliA0J)- Since the Lie algebra Dero,(X(/)-i^P)'<"^ 
is commutative, this is a consequence of the following general state- 
ment: if A is an Azumaya algebra on X, _D G C*{A ® i7)[l] and 
■(9 G r(X;Derc)^(^) ® Jx,o), then (exp(t ad^9))*D is polynomial in t. 
But this is so because is inner and D is section of a sheaf of jets of 
multidifferential operators. □ 

It is clear that the collection of maps {(J^)* is a morphism of cosim- 
plicial graded Lie algebras; the desired isomorphism S (14.4. ip is, by 
definition the induced isomorphism of graded Lie algebras. We now 
describe the differential on S) induced by the differential on &m{.J {A)) 
via the isomorphism (14.4. ip . 

Recall that the differential in em{J{A)) is given hy 5 + V"^"". It is 
easy to see that 5 induces the Hochschild differential 5 onS). The canon- 
ical connection V^"" induces the differential whose component corre- 
sponding to the simplex A is the connection (a'^)^^oX(A(0?7.))*V'^""ocr'^. 
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To get a more explicit description of this connection choose for each 
p = 0,1,2,... a connection G C(^^)'°'^(Xp); it gives rise to the 
connection ® Id + Id (g) V^"" on ® J^. Let 

$p = (ffP)-! o V^"" oaP- (V^ ® Id + Id ® V'^"'") , 

Let 

n 

= ^ ^i^A,i'^^^'^ ® Id + Id ® V'^"" 

be the induced derivation of fi^ (g)c r(XA(„); X(A(On))-M^(°)). It is 
easy to see that the collection V'^ induces a derivation on Sj which we 
denote by V. 
Let 

$^ G r]„®r(XA(„);fi^^(,^j®DeroA(„)(X(A(On))-U^Wyoc^jrAH)^ Us- 
ing the formula (14.4.31) we obtain: 

n n 

(4.4.4) $^ = ^ . r;^.$^« -^dti^ \{{]i)H{\{in)) . 

It is easy to see that the collection defines an element total degree 
one in S). The differential induced on via the isomorphism (14.4.11) 
can therefore be written as 

(4.4.5) 5 + V + ad<l> 

4.4.2. Now we construct an automorphism of the graded Lie algebra 
which conjugates the differential given by the formula (14.4.51) into a 
simpler one. This is achieved by constructing F G Tot(r(|X|; fi'^i ® 

{^{A) ® J))) C with components such that <l>^ = -5F^. This 
construction requires the following choices: 

(1) for each p we chose 

such that $P = and 

(2) for each morphism / : [p] ^ [q\ in A we chose 

D(/)Gr(X,;X(/)-i0(^^)® Jo^) 

such that t9(/) = 5D{f). 
The unit map 

(4.4.6) X X{g o f)-^A^ ® J' 
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gives the canonical identification of tlie former witli tlie center of tlie 
latter. 

Lemma 4.10. For a pair of composable arrows [p] ^ [q] [r] the 
section X{gyD{f ) + fD{g) - D{g o /) e r(X,; X{g o fy^A^ J^) 
is the image of a unique section 

P{f,g)eT{Xr;Jon 
under the map ( 14.4.61] .(Here we regard f^D(a) as an element of T{Xr; X {go 
J") using (1132D.; 

Proof Follows from the identity X{gyd{f) + fH{g) -^{gof) =0. □ 

Let 

n n 

= 5^t^r*,F^« -J^dUA X{OifD{X{in)) + 

i=0 i=0 

J2 {Udtj - t^dti) A (3{\{ij), \{jn)) , 

0<i<J<n 

where we regard \{fdi)^D(y\{in)) as an element of r(XA(„); X(A(On))-io(^^(o))® 
so that 

Lemma 4.11. 

(1) The collection {F'^} defines an element F G ^ 

(2) $ = -5F 

Proof. Direct calculation using Lemma [2.101 □ 

As before, F denotes the image of F in lot{\X\;VL'^^®{D{A)®J\x\))- 
The unit map O ^ A (inclusion of the center) induces the embed- 
ding 

(4.4.7) 1ot{V{\X\-Q\x^®J\x\))-^ 

Tot(^(|X|;^]^^l®(c)(^)® J|X|)) 

Lemma 4.12. The element 

-VF G Tot(r(|X|; r^^^i ® {p{A)®J\x\))) 

is the image of a unique closed form 

u;GTot(^(|X|;^]f^l® J|X|)) 

under the inclusion f l4.3.ip . The cohomology class of u is independent 
of the choices made in its construction. 
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Proof. Using $ = —6F (Lemma I4.1ip and the fact that (14.4. 5p is a 
differential, one obtains by direct calculation the identity 5(V-F)+V^ = 
0. Note that = 69 for some 9 e Tot(r(|X|; ® d{A))). Hence 
VF + 9 is a central element of Tot(r(|X|; ®{d{A)®J))), and the 
first statement follows. □ 

Following longstanding traditions we denote by lg the adjoint action 
of G G Tot(r(|X|; ® {d{A) ® J))) C S). 

Proposition 4.13. 

(4.4.8) expiip) o (5 + V + $) o exp{-LF) = 5 + V - ^vf- 

Proof. Analogous to the proof of Lemma 16 of [6J. Details are left to 
the reader. □ 

4.4.3. It follows from fl4.4.8p that the map 

(4.4.9) exp(-ti.) : S)-^Sj 

is an isomorphism of DGLA where the differential in the left hand side 
is given by 5 + V — tvF and the differential in the right hand side is 
given by 5 + V + $, as in (14.4. 51) . 
Consider the map 

(4.4.10) cotr: C'{JP)[1] C'iA^ ® JP)[1] 
defined as follows: 

(4.4.11) cotr(Z:')(ai (g) ji, . . . ,a„ (g) j„) = oq . . .a„D(ji, . . . , j„). 

The map (14.4.100 is a quasiisomorphism of DGLAs (cf . [30] , section 
1.5.6; see also [6J Proposition 14). 

The maps (14.4. lOp induce the map of graded Lie algebras 

(4.4.12) cotr: (5dr(J^) ^-fl 

Lemma 4.14. The map (14.4. 12p is a quasiisomorphism of DGLA, 
where the source and the target are equipped with the differentials 6 + 
yean _|_ ^ _|_ y _ respectively, i.e. (14.4.120 is a morphism of 

DGLA 

cotr: (5m{J)u.^So 

4.4.4. Recall that in the section 14.3. 21 we introduced the bundles = 
0^^Q^^Q over Xp. For f [p] ^ [q] there is a canonical isomorphism 
X{f)-^£P ^ figi(^Alf^o^ which we use to identify the former with the 
latter. 

We make the following choices of additional structure: 
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(1) for each p = 0, 1, 2, ... an isomorphism o"^ : £^ ® — » J{£^) 

such that crP(^^o ® J") ^ J{^%) 

(2) for each p = 0, 1, 2, ... a connection on 8"^ 

(3) for every f : [p] [q] an isomorphism aj: -^o/(o) ® J'^ ^ 



^0/(0)^ 

(4) for every / : [p] ^ [q] a connection V/ on -^0/(0) 

Let cr^ G Isomo(^^ ® J^,J{A^)y°'^ denote the isomorphism induced 
by 0"^. Let G C{A^Y°'^{Xp) denote the connection induced by V^. 
Let 

F'P : = ((T^)-ioV^r oa^-(V^®Id + Id® V^'^") 
Ff ■= (a/)-^oV^T^^^^ oa^-(V/®Id+Id®V'='^") 

FP G T{Xp-VL\^®{AP®JP)). We define D{f) G r(X,; X(/)-1o(^p) ® 
JT"^) by the equation 

X(/)V^oexp(Z}(/)) = /«a|®a^ 

In 14.3.21 we constructed the cosimphcial gerbe 5yi on X such that 5^ 
is triviahzed. Starting with the choices of a/, V/ as above we calculate 
the representative B of the characteristic class of S_a, using 12.5.61 By 
Lemma 14.71 the collection of bundles 8"^ establishes an equivalence be- 
tween S_A and the cosimphcial gerbe S{A) (of splittings of A). Hence, 
i? is a representative of the characteristic class of 5^. 

In the notations of 12.51 for /: [p] — [g], we have 

Gf = J^omoi^lm ® ^(^0/(0))) 

and, under this identification, Pj = aj^ o V"^"" o a/. 
Then, P{f,g) is uniquely determined by the equation 

{ag (g) X{gyaf) = agof o exp (3{f, g) 

which implies 
(4.4.13) 

Equations (14.4.131) and (12.5.61) show that P{f,g) coincides with 
defined by (12X2]) . 

Lemma 4.15. The form B of \2.5.6\ coincides with the form to of 
Lemma\4.12 
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Proof. For /: [p] ^ [q] in A the following identities hold: 

(4.4.14) (V^ ® Id + Id ® V^"")F = 

(4.4.15) V"""F/ = 

(4.4.16) V""":D(/) + XifYF" = fT + Ff 
Using these identities we compute : 

n 

V^F^ = . rl.iy^^'^ ® Id + Id ® V'="")F^^'V 

i=0 

n n 

dU A r* iF^^'^ + YdU^ A(Oi)«V^""(D(A(m))) + 



V^'^"( iUdtj-t,dU)APiX{tj),\ijn))) 

0<i<j<n 



J2 dti A A(00«(V^""(Z^(A(zn)) + X(A(m))*F^^'V 

i=0 



V^'^"( 5^ {Udtj-t,dU)AP{\{zj),XUn))) = 

0<i<j<n 
n 

Y,dU A A(00«(A(m)«F" + FA(i„)) + 
V^'^"( 5^ (Mt,-t,rft,)A^(A(u),A(jn))) = 

0<i<j<n 

n n 

{Y dti) A A(On)«F" + ^ c/t, A Fam + 

V'='^"( 5^ (Mt,-t,t/t,)A;9(A(2j))) = 
0<i<i<n 

n 

J] rfti A + V^''"( 5^ (t,dt,- - t^dU) A ^(A(2j))) 

1=0 0<i<j<n 

The result is identical to the formula (12.5.71) . □ 

4.4.5. In what follows we will denote a choice of auxiliary data as in 
14.4.41 by w. 

Given a choice of auxiliary data w we denote by the correspond- 
ing characteristic form, by the corresponding map (14.4. ip . etc., and 
by 
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the quasiisomorphism of DGLA defined as tlie composition 

To finisli tlie construction, we will "integrate" the "function" w ^ 
over the "space" of choices of auxiliary data in order to produce 

. the DGLA 0dr(:^)[5(^)] 

• for each choice of auxiliary data w a quasiisomorphism 

pr^: &m{J)[S{A)] ^ ^miJh^ 

• the morphism in the derived category of DGLA 

such that the morphism in the derived category given by the composi- 
tion 

coincides with T^- 

4.4.6. Integration. To this end, for a cosimplicial matrix Azumaya 
algebra ^ on X (respectively, a cosimplicial (9]^-gerbe S as in 12.2.71) 
let AD(^) (respectively, AD(iS)) denote the category with objects choices 
of auxiliary data (1) - (4) as in 14.4.41 (respectively, (i)-(i±L) as in 12.5.21 
with Q = V'^'^" log 1(5)) and one-element morphism sets. Thus, AD(^) 
(respectively, AD(5)) is a groupoid such that every object is both initial 
and final. 

For a cosimplicial matrix Azumaya algebra A we have the functor 
(4.4.17) tt: AD(^) ^ AD(5(^)) 

which associates to w G AD(^) (in the notations of 14.4. 5p the auxiliary 
data as in 12.5.61 items (l)-(3). Here we use the equivalence of Lemma 

For a category C we denote by Sing(C) denote the category, whose ob- 
jects are "singular simplices" /x: [m] — >• C. For /i: [m] ^ C, u: [n] C, 
a morphism / : /i — z/ is an injective (on objects) morphism / : [m] — >■ 
[n] such that /i = z/ o /. The functor (14.4.171) induces the functor 

71 : Sing(AD(^)) -> Sing(AD(^(^))) 

For /i: [m] — > AD(^) (respectively, /i: [m] —>■ kD{S)) , < i < m, the 
choice of auxihary data /i(i) consists of (T^(/i(i)), V^(yu(i)), (7f{fi{i)), 
V/(/x(i)) (respectively, 9^(/i(2)), B^^fi^i)), Pf{fi{i))) for all objects [p] 
and morphisms / in A. 

In either case, let X{fi) : = A™ x X. Then, X{fi) is an etale simpli- 
cial manifold. Let A{fi) = pT*^A (respectively, iS(/x) = pr3^iS). Then, 
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A{^) is a cosimplicial matrix Ox(/i)-Azumaya algebra on (respec- 
tively, a cosimplicial O^^^^-gerbe). 

For /i: [m] AD(^) let (respectively, V^, CTfifJ'), V/(/i)) de- 

note the convex combination of pr3fCr|(//(i)) (respectively, pr3(^V|(/i(i)), 
pr3j-o"/(/i(z)), pr3fV/(/i(z))), i = 0, . . . ,m. The collection consisting of 
0"^, V|, crj(/i), V/(/i) for all objects [p] and morphisms / in A consti- 
tutes a choice of auxiliary data, denoted Jl. 

Similarly, for fi: [m] AD (5) one defines Jl as the collection of aux- 
iliary data 3^(/i) (respectively, B^^fi), Pf{fi)) consisting of convex com- 
binations of S^(/x(2)) (respectively, B^^fi^i)), /5/(/i(i))), i = 0,...,m. 
The construction of Els] apply with X : = X{^), V""- : = pr*xV'"'"', 
S: = S{fi) yielding the cocycle Bj^ e T{\X{n)\;DR{J\x(^,)\)). A mor- 
phism f : fi —>■ u in Sing (AD (iS)) induces a quasiisomorphism of com- 
plexes 

/*: r(|X(z/)|;DR(:7|xH|)) -r(|X(^)|;DR(7|x(^)|)). 

Moreover, we have f*{B-p) = B^. 

Hence, as explained in 14.3. 31 for yu: [m] AD(iS), we have the DGLA 

^m{Jx(^l))^~■ Moreover, a morphism /: — > z/ in Sing(AD(iS)) induces 
a quasiisomorphism of DGLA 

/*: (Sdr(Jxh)b- <Sdr(Jx(m))5~- 

Let 

(4.4.18) <5^^{Jx)[sV- =lm^DR(Jx(M))B^ 

where the limit is taken over the category Sing(AD(i5)). 

For yu: [m] — ^ AD(^) the constructions of 14.4.11 - 14.4.31 apply with 
X: =X{fi),J: =:rx(^), V™": = pr^.V^'^", ^: = ^(/i) and the 
choice of auxiliary data fi yielding the quasiisomorphism of DGLA 

T^: 6dr(Jx(m))b -~- <5dr(Jx(m)(^(/^))) 

t(m) 

For a morphism /: — > z/ in Sing(AD(^)), the diagram 



r 



r 



<&miJxi,)h^^ — ^ ^miJxi,)iAifi))) 



is commutative. Thus, we have two functors, Sing(AD(^))"'P —>■ DGLA, 
namely, 

^ ^miJx(p))B 
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and 

and a morphism of such, namely, ^ ^ T^. Since the first functor fac- 
tors through Sing(AD(S'(^))) there is a canonical morphism of DGLA 

(4.4.19) lim6DR(:^x(M))s-~ ^ ^drC^x) [5(^)1 . 

On the other hand, T induces the morphism 

(4.4.20) limT^: lim6DH(JxM)iJ~ ^ \mv^^^{Jx{^.){A{^l))). 

II fl fj. 

Lemma 4.16. The morphisms (14.4. 19p and (I4.4.20p are quasiisomor- 
phisms. 

For each /z G Sing(AD(^)) we have the map 

Moreover, for any morphism /: fi ^ u in Sing(AD(^)), the diagram 
(5m{Jx{A)) (£>m{Jxiu){A{u))) 



Id 



&m{Jx{A)) ^miJxUAift))) 
is commutative. Therefore, we have the map 
(4.4.21) pr;,: <3ur{Jx{A)) ^ lim 0dr( JxM(^(/i))) 

Note that, for z/: [0] ^ AD(^), we have i3m{Jxiu){A{u))) = (3m{Jx{A)), 
and the composition 

(&m{Jx{A)) ^ lim0oR(Jx(^)(^(/i))) ^ (&m{JxM{A{iy))) 
is equal to the identity. 

Lemma 4.17. For each v: [0] ^ AD the morphism in the derived cat- 
egory induced by the canonical map 

\mie^^{Jxif,){A{i2))) ^ 6dr(Jxh(^(^^))) 

is inverse to pr^^ . 

Corollary 4.18. The morphism 

lim6DR(:^x(M)M(/w))) ^m{Jx(u){Aiu))) = &m{Jx{A)) 

in derived category does not depend on v: [0] ^ AD. 
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Let 

(4.4.22) T: (J5dr(:^)[5(^)] ^ ^m{Jx{A)) 

denote the morphism in the derived category represented by 

lim0DR(Jx(M)(^(/i))) ^ ®dr(JxhM(/^))) = <&m{Jx{A)) 
for any v: [0] ^ AD. 

5. Applications to etale groupoids 

5.1. Algebroid stacks. In this section we review the notions of al- 
gebroid stack and twisted form. We also define the notion of descent 
datum and relate it with algebroid stacks. 

5.1.1. Algebroids. For a category C we denote by iC the subcategory 
of isomorphisms in C; equivalently, iC is the maximal subgroupoid in 
C. 

Suppose that i? is a commutative fc-algebra. 

Definition 5.1. An R-algebroid is a nonempty i?-linear category C 
such that the groupoid iC is connected 

Let Algdjij denote the 2-category of i?-algebroids (full 2-subcategory 
of the 2-category of i?-linear categories) . 

Suppose that A is an i?-algebra. The i?-linear category with one 
object and morphisms A is an i?-algebroid denoted 

Suppose that C is an i?-algebroid and L is an object of C. Let 
A = Endc(L). The functor A'^ C which sends the unique object of 
A'^ to L is an equivalence. 

Let ALG^ denote the 2-category of with 

• objects i?-algebras 

• 1-morphisms homomorphism of i?-algebras 

• 2-morphisms (f) —>■ tp, where V' • A —>■ B are two 1-morphisms 
are elements b & B such that b ■ (f){a) = ip{a) ■ b for all a E A. 

It is clear that the 1- and the 2- morphisms in ALG^ as defined above 
induce 1- and 2-morphisms of the corresponding algebroids under the 
assignment A y4+. The structure of a 2-category on ALG^ (i.e. 
composition of 1- and 2- morphisms) is determined by the requirement 
that the assignment A A'^ extends to an embedding (.)+ : ALG^ — >■ 
Algd^. 



DEFORMATIONS OF ALGEBROID STACKS 



55 



Suppose that R ^ S is a. morphism of commutative fc-algebras. The 
assignment A A^j^S extends to a functor {.)®rS : ALG^ ALG|. 

5.1.2. Algebroid stacks. 

Definition 5.2. A stack in i?-hnear categories C on a space Y is an 
R-algebroid stack if it is locally nonempty and locally connected by 
isomorphisms, i.e. the stack iC is a gerbe. 

Example 5.3. Suppose that ^ is a sheaf of i?-algebras on Y. The 
assignment X ^ U ^ A{U)~^ extends in an obvious way to a prestack 
in i?-algebroids denoted A^. The associated stack is canonically 
equivalent to the stack of locally free ^°^-modules of rank one. The 
canonical morphism A'^ A'^ sends the unique object of A~^ to the 
free module of rank one. 

1-morphisms and 2-morphisms of i?-algebroid stacks are those of 
stacks in i?-linear categories. We denote the 2-category of i?-algebroid 
stacks by AlgStack^(F). 

Suppose that G is an etale category. 

Definition 5.4. An i?-algebroid stack on G is a stack C = {C, Cqi, Cqu) 

on G such that C G AlgStackj^(iVoG), Cqi is a 1-morphism in AlgStackj^(A''iG) 

and Cqi2 is a 2- morphism in AlgStack^(A^2G^)- 

Definition 5.5. A 1-morphism = (0o, 0oi) : C — P of i?-algebroid 
stacks on G is a morphism of stacks on G such that 0o is a 1-morphism 
in AlgStack^(Ai"oG) and 0oi is a 2-morphism in AlgStack(A''iG). 

Definition 5.6. A 2-morphism 6: (p ^ ip between 1-morphisms 0, : C — >■ 
P is a 2-morphism b: (po tpQ in AlgStackj:j(A^oG')- 

We denote the 2-category of i?-algebroid stacks on G by AlgStackj:j(G) . 

5.2. Base change for algebroid stacks. For an i?-linear category C 
and homomorphism of commutative /c-algebras R ^ S we denote by 
C^rS the category with the same objects as C and morphisms defined 
by Homc^^5(^, B) = Home (A, B) 0r S. 

For an i?-algebra A the categories {A 5)+ and ^4+ ®r S are 
canonically isomorphic. 

For a prestack C in i?-linear categories we denote by C S the 
prestack associated to the fibered category U t-^ C{U) ®r S. 

For U C X, y4, 5 G C{U), there is an isomorphism of sheaves 
Homc^^5(A, B) = RomciA, B) ®r S. 

The proof of the following lemma can be found in [8] (Lemma 4.13 
of loc. cit.) 
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Lemma 5.7. Suppose that A is a sheaf of R-algebras on a space Y 
and C e AlgStackj:j(y) is an R-algebroid stack. 

(1) ®i? Sy is an algehroid stack equivalent to {A®r 5*)+ . 

(2) C ®H 5* is an algehroid stack. 

The assignment C ^ C ®r S extends to a functor denoted 

{.)®rS: AlgStack^(r) ^ AlgStackcj(r) 

and, hence, for an etale category G, to a functor 

{.)®rS: AlgStack^(G) ^ AlgStack5(G) 

There is a canonical i?-hnear morphism C C®rS (where the target 
is considered as a stack in i?-hnear categories by restriction of scalars) 
which is characterized by an evident universal property. 

5.3. The category of trivializations. Let Triv denote the 2- 
category with 

• objects the pairs (C, L), where C is an /2-algebroid stack on G 
such that C(iVoG) ^ 0, and L G C{NqG) 

• 1-morphism (C, L) — >• iV,M) the pairs (0, 0t-), where (j) - 

P is a morphism in AlgStackj:j(G') and 0,-: (f)o{L) ^ M is an 
isomorphism in V{NoG). 

• 2-morphisms {(f), (pr) (V") V'r) are the 2-morphisms cf) ^ ip. 
The composition of 1-morphisms is defined by (0, 0^) o ("0, V^r) = 

(0O^, 0^ O 0o(V'r))- 

The assignment (C, L) C_, (0, 0t-) 0, 6 i-^ 6 extends to a functor 

(5.3.1) Triv^(G) ^ AlgStack^(G) 

For a homomorphism of algebras R ^ S and (C, L) G Triv /?((?) we 
denote by (C, L)®_rS' the pair which consists of C<^rS G AlgStack5(G') 
and the image of L, denoted L ®r S, in C0rS. 

It is clear that the forgetful functors (15.3.11) commute with the base 
change functors. 

5.3.1. Algehroid stacks from cosimplicial matrix algebras. Sup- 
pose that G is an etale category and ^ is a cosimplicial matrix R- 
algebra on NG. 
Let 

(5.3.2) C = . 

In other words, C is the stack of locally free ^-modules of rank one. 
There is a canonical isomorphism C^^^ = {A][^)^. 
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Let 

(5.3.3) Coi=Al,0_^rJ.):C['^ ^Ci'\ 

The multiphcation pairing A^i AI2 — ^ AI2 and the isomorphisms 
Afj = {Ali)[f determine the morphism 

(5.3.4) C012 : Cj? o Cfj = Al, AI2 ®Al, (•) ^ ^02 (•) = 
Let C = (C, Coi, Coi2)- 

Lemma 5.8. The triple C defined by f l5.3.2p . (15.3.31) . (15.3.40 is an 

algebroid stack on G. 

We denote by st(^) the algebroid stack C associated to the cosim- 
plicial matrix algebra A by the above construction. 

Suppose that A and B are cosimplicial matrix i?-algebras on NG 
and F: ^ ^ i3 is a 1-morphism of such. Let C = st(^), V = st{B). 
The map F^: A^ of sheaves of i?-algebras on NqG induces the 

morphism (pQ-. C ^ V of i?-algebroid stacks on NqG. Namely, we have 

(5.3.5) 00 = (.) 

The map : A^ —>■ B^ restricts to the map Fq\ : Ali Bq^ which 
induces the map 

of i^QQ ® (^J]^)''P-modules, hence the 2-morphism 

(5.3.6) 0oi:0S'^oCoi^Poio0f^ 
Let = (0o,0oi)- 

Lemma 5.9. The pair defined by (I5.3.5p . (I5.3.6P is a 1-morphism in 
AlgStack^(G'). 

For a 1-morphism of cosimplicial matrix i?-algebras F: ^ ^ i3 on 
NG we denote by st{F) : st(^) — > st{B) the 1-morphism in AlgStack^(G') 
given by the above construction. 

Suppose that Fi,F2: A ^ B are 1-morphisms of cosimplicial matrix 
i?-algebras on NG and b: Fi ^ F2 is a. 2-morphism of such. The 2- 

morphism 6° : F^ F2 induces the 2-morphism of functors {A^°p) + 

(b^+. 

Lemma 5.10. The 2-morphism b^ is a 2-morphism in AlgStack^(G). 
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For a 2-morphism 6: Fi — >• F2 we denote by st(6) : st(Fi) — > st(F2) 
the corresponding 2-morphism in AlgStackj^(G) given by the above 
construction. 

We denote the canonical triviahzation of the algebroid stack st(^) 
by 1^. Let triv(^) denote the object of Trivij(G) given by the pair 
(st(^),l^). 

If F: ^ ^ S is a 1-morphism in CMAr{NG), then st(F)(l^) = 1b- 
Let st(F)T- denote this identification; let triv(F) = (st(F), st(F)^). 
For a 2-morphism b in CMAr(G) let triv(6) = st(6). 

Proposition 5.11. 

(1) The assignments A 1— > st(^), F 1— > st(F), b 1— > st{b) define a 
functor 

St: CMAr(NG) ^ A\gStSickji(G) . 

(2) The assignments A 1— > triv(w4), F 1— > triv(F), b 1— > triv(6) 
define a functor 

triv: CMAn{NG) TrivR(G') . 

which lifts the functor st. 



5.3.2. Base change for st and triv. A morphism / : i? — > 5" of com- 
mutative fc-algebras induces the i?-linear morphism Id®/ : A — >■ A^rS 
in CMAr{NG), hence, the morphism st(ld(g) /) : st(j4) ^ st{A^R 
S) in AlgStack^(G). By the universal property of the base change 
morphism, the latter factors canonically through a unique morphism 
st(^)®ijS' —>■ st {A<^rS) such that I^i^rS i— > 1a<^rS ^-nd the induced 
map A^rS = End,^(^g^5(l^®K5) End,t(_4^^5)(]l^®^5) = A(^rS 
is the identity map. In particular, it is an equivalence. The inverse 
equivalence st(^ ^r S) st{A)®RS is induced by the canonical 
morphism (A0r S)+ = End3^(_4^^5)(1^^^5)+ ^ st(^)®ij,5^ Thus, 
we have the canonical mutually inverse equivalences triv{A)<^RS ^ 
triv{A<S)R S). 

A morphism F: ^ ^ ;B in CMAr{G) gives rise to the diagram 
triv{A)^RS ^I^^^I^ triv{A)^RS 



which is commutative up to a unique 2-morphism. 



DEFORMATIONS OF ALGEBROID STACKS 59 

5.3.3. Cosimplicial matrix algebras from algebroid stacks. We 

fix (C,L) e Triv^(G) and set, for the time being, A° = End^ CL)"^. 

The assignment L' Honi^(L, L') defines an equivalence C — >• {A^°p)^. 
The inverse equivalence is determines by the assignment 1^ L. 
For n > 1, < i, j < n let 



(5.3.7) Al 



Hom^(„)(LS"),ci;)(Lf))) if ^<J 



^ Hom^(„,(C]rHA^"^),4"^) if 3< 



where C\f^ = Id^(n). Then, the sheaf Afj has a canonical structure of a 
{A^P ® (^°)f ^"^-module. Let 

n 



n 

i,j=0 



The definition of the multiplication of matrix entries comprises sev- 
eral cases. Suppose that i < j < k. We have the map 



(n) ^{n)fj{n)-^-^ ^ 



(5.3.8) ^^, = Hom^(.,(Lf ,C],^(Lr)) 

An) 

Hom,(.,(Cj;)(Lf )), (C^ o C]^)(l("))) ^ 

Hom,(„,(Cj;)(Lf)),4")(4"^)) 
The multiplication of matrix entries is given by 

(5.3.9) A-^®A-,'-^^^ 

^Hom^(„,(Lf),4")(4"^))=^r. 
Suppose that j < i < k. We have the map 

^(n) 

(n) ^(n)^ (n)^,^, 



(5.3.10) ^r, = Hom,(.)(Lr,Cr(Lr)) 



Home(™.(C]r(A^"0,(C]r^°Cr)(4"0) 



Hom,(„)(C]rHLf^),Cj^H4"^)) 
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The multiplication of matrix entries is given by 
(5.3.11) A'lj®A]k = 

Hom,(„)(C]?(Lr)),4")(Lr))) Al 

We leave the remaining cases and the verification of the associativity 
of multiplication on A^ to the reader. 

Lemma 5.12. The collection of matrix algebras A^, n = 0,1,2,..., 

has a canonical structure of a cosimplicial matrix R- algebra. 

We denote by cma(C, L) the cosimplicial matrix algebra associated 
to (C, L) by the above construction. 

Suppose that (0, 0,-) : {C, L) —> {V, M) is a 1-morphism in Trivj:j(G). 
Let A = cma(C, L), B = cma{V, M). 

Let : A^ denote the composition 

^° = Endc(L)°P ^ Endp(0o(L))°P ^ End^fM)"^ = i3° 

For n > 1, < i < j < n let i^;;: A'ij B^j (see flSXTj) ) denote the 
composition 

,{n) 

Hom,(.)(LS"\c(;)(Lf)))^ 

Hom^(",(0;'^)(Lf )), (0f ) o Cj))(Lf ))) ^ 

Hom^(«)(0f)(Lf)), (Pj;) o <pf){Lf)) ^ 

Hom^(„)(M,("\pJ;)(<))). 

The construction of in the case j < z is similar and is left to the 
reader. Let F"" = ©F*": A"" B'^. 

Lemma 5.13. The collection of maps F^: A^ B^ is a 1-morphism 
of cosimplicial matrix R-algebras. 

We denote by cma(0, (p^-) : cma(C, L) cma(P, M) the 1-morphism 
of cosimplicial matrix algebras associated to the 1-morphism (0, 0^) in 
Triv(G) by the above construction. 

Suppose that (0, 0^), (V'; V'r) : {C,L) — > {V_,M) are 1-morphisms in 
Triv(G') and h\ (0, 0r) — ^ ('0;'0t) is a 2-morphism. 
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Let cma(6)'': cma(0, ^r)*^ cina(i/', i/;^)*^ denote the composition 

M ^ ct>{L) ^ ^(L) ^ M 
(i.e. cma(6)° e rfA^nC: End^(M)).) 

Lemma 5.14. The section cma(6)° e r{NoG; End -p(M)) is a 2-morphism 
cina(0, ^T-)*^ — > cina('0, 

Proo/. For / e Eiidc(L) we have 
cma(6)°ocma(0>,)°(/) = o o o 0, o 0(/) o 

= ^,o6(L)o0(/)o(0,)-i 
= ^.o^(/)o6(L)o(0,)-i 

= VrO^(/)o(^,)-loV;.o6(L)o(0,)-l 

= cma(3/;,^^)°(/) o cma(6)° 

□ 

Forn > 1 let cma(6)" = (cma(6)^^) G r(iV„G'; cma(P, M)") denote 
the "diagonal" matrix with cma(6)"j = (cma(6)°)^"'''. 

Lemma 5.15. The collection cma(6) of sections cina(6)", n = 0, 1, 2, . . . 
is a 2-morphism cma(0, 0^) — >• cma('?/', V't-)- 
Proposition 5.16. 

(1) T/ie assignments {C, L) i— > cma(C, L), (0, 0^) i— > cina(0, (pr), b i— > 
cma(6) define a functor 

cma: Trivii(G') ^ CMAr(NG) 

(2) T/ie functors cma commute with the base change functors. 
For ^ e CMA(iV(:;) we have 

cma(triv(^))° = End^^^l^)''^ = A' 
For < i < j < n there is a canonical isomorphism 

Hom(^^,(lf\triv(^)l;)(lf )) - A^, . 
For < j < i < n we have 

Hom^^(triv(^)(?(lf )), if )) - Horn^^ (^,^) = A^ , 

where the last isomorphism comes from the (multiplication) pairing 
A^j^ (8 A!lj A^y These isomorphisms give rise to the canonical iso- 
morphism of CMA 

cma(triv(^)) = A 
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On the other hand, given (C, L) G Triv(G'), we have the canonical 
equivalence ( Endr (LYp)+ — > C determined by ^ (^^^^^'^op)+ ^ ^■ 
To summarize, we have the following proposition. 

Proposition 5.17. The functors triv and cma are mutually quasi- 
inverse equivalences of categories. 

5.3.4. \E'-algebroid stacks. Suppose that X is a space and is a 
pseudo-tensor subcategory of Shfc(X) as in 13.2. 1[ 

An algebroid stack C G AlgStack^(X) is called a -algehroid stack 
if for any open subset ?7 C X and any three objects Li, L2, L3 G C{U) 
the composition map 

Hom^ CLi, L2) ®k Hom^ CL^, L3) Hom^ fLi, L2) 

is in \E'. 

Suppose that C and V are \E'-algebroid stacks. A 1-morphism : C — >■ 
V is called a -1-morphism if for any open subset t/ C X and any two 
objects Li,L2 G C(f/) the map 

0: Homc(Li,L2) ^ Hom^(0(Li), ^(La)) 

is in 

Suppose that ip^ip: C — * P are ^'-l-morphisms. A 2-morphism 
6: — >■ -0 is called a '^-2-morphism if for any open subset [/ C X 
and any two objects Li, L2 G C([/) the map 

h: Homp(0(Li),0(L2)) ^ Hom^(^(Li),^(L2)) 

is in 

We denote by AlgStack*(X) the subcategory of AlgStack;,(X) whose 
objects, 1-morphisms and 2-morphisms are, respectively, the \E'-algebroid 
stacks, the and the \l/-2-morphisms. 

Suppose that G is an etale category and let \E' : p 1-^ \E'P be a cosim- 
plicial pseudo-tensor subcategory of Shfc(XG) as in 14.11 An algebroid 
stack C = (C,Coi,Coi2) G AlgStack;.(G) is called a -algebroid stack if 
C is a \E'-algebroid stack on NqG, Cqi is a \E'- 1-morphism and C012 is a \E'- 
2-morphism. Similarly, one defines \E'- 1-morphism and ^'-2-morphism 
of \E'-algebroid stacks on G; the details are left to the reader. We denote 
the resulting subcategory of AlgStack^(G) by AlgStack*(G). 

The subcategory Triv^(G) of Trivfc(G) has objects pairs (C, L) with 
C G AlgStack*(G), and 1-morphisms and 2-morphisms restricted ac- 
cordingly. 
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5.3.5. Deformations of \l/-algebroid stacks. Recall f l3.2.2[ Exam- 
ple DEF) that, for R G ArtAlg^^. we have the pseudo-tensor category 

Suppose that G is an etale category and C is a \l/-algebroid stack on 

G. 

We denote by Def (C)(i?) the following category: 

• an object of Def (C)(i?) is a pair tt) where P is a 
algebroid stack on G and tt: V®j^k C is an equivalence of 
\&-algebroid stacks, 

• a 1-morphism (^, tt) (^',Ie') of \I' (i?)-deformations of C is a 
pair {(f), P), where 0: P — ^ is a 1-morphism of \E'(i?)-algebroid 
stacks and /? : tt ^ tt' o {(p^Rk) is 2- isomorphism, 

• a 2-morphism h: j3i) {(f)^, (32) is a 2-morphism h: 0^ 02 
such that (32 = (Id^' ®h) o (3i 

Suppose that (0, (3) : (P, vr) (P', vr') and (0', : (P', tt') (P", tt") 
are 1-morphisms of i?-deformations of C. We have the composition 

(5.3.12) TT ^ tt' o (0®ijA;) tt" o (0'®^jA;) o (0®rA;) 

Then, the pair (0' o 0, (15.3.121) ) is a 1-morphism of i?-deformations 
(P, tt) — i> {V(',7r") defined to be the composition (0',/?') o (0,/?). 

Vertical and horizontal compositions of 2-morphisms of deformation 
are those of 2-morphisms of underlying algebroid stacks. 

Lemma 5.18. The 2-category Def(C)(i?) is a 2-groupoid. 

We denote by Def (C)(i?) the full subcategory of \E'(-R)-algebroid 
stacks. 

For (C,L) G Triv*(G) we define the 2-category Def(C,L)(/?) as fol- 
lows: 

• the objects are quadruples (^, ZL, tt,-, M) such that 

{V,e) e Def(C)(i?), 
(P,M) G Triv*(^)(G'), 

(tt, TTr) : {V, M)®iik — > (C, L) is a 1-morphism in Triv*(G'); 

• a 1-morphism (P, tt, tt^, M) — (P', vr', vr:^., M') is a triple (0, 0,-, /3) 
where 

(0,/?): (^,7r) ^ (^',7r') is a 1-morphisms in Def(C)(i?), 
(0, 0r) : (^, M) (^', M') is a 1-morphism in Triv*^^) (G), 

• a 2-morphism {(f), (pr, (3) (0', 0'^, /5') is a 2-morphisms — » 0'. 
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5.3.6. triv for deformations. Let A G CMA^(A^G), R G ArtAlg^. 
The functors st and triv were defined in 15.3.11 (see Proposition 15 . 1 1 [ ) . 
Lemma 5.19. 

(1) The functor St restricts to the functor st : Def(^)(i?) AlgStack^^^^ (G) . 

(2) The functor triv restricts to the functor triv: Def(^)(i?) —>■ 
Triv*(^)(G). 

For B G Def(^)(i?) the identification B ^f> k = A induces the 
equivalence ttb : triv(B)(8)/jA; = triv(B (^r k) = triv(^). Let 

t^(B): = (st(B),7rB,Id,lB) . 

A morphism F: B ^ B' in Def(^)(i?) induces the morphism triv(F) : triv(B) 
triv(B'). The diagram 

triv(B)®^A; triv(B')®ijA; 

triv(^) = triv(^) 

commutes up to a unique 2-morphism, hence, triv(F) gives rise in a 
canonical way to a morphism in Def (triv(^))(i?). 

Let F,: B ^ B', i = 1,2 be two 1-morphisms in Def(^)(i?). A 2- 
morphism 6: Fi ^ F2 in Def (,4)(-R) induces the 2-morphism triv(6) : triv(Fi) ^ 
triv(F2) in Tnvii{G) which is easily seen to be a 2-morphism in Def (triv(^))(i?). 

Lemma 5.20. The assignment B 1-^ triv(B) extends to a functor 

(5.3.13) t^i^: Def(^)(i?) ^ Def(triv(^))(i?) 
naturally in R & ArtAlg^^. 

Theorem 5.21. The functor (15.3.131) is an equivalence. 

Proof. First, we show that, for B,B' G Def(^)(i?) the functor 

(5.3.14) 

HomDef(yt)(ij)(B,B') HomDef(triv(^))(i?)(triv(B),triv(B')) 

induced by the functor triv is an equivalence. 

For 1-morphism (0,0^, /3) G HomDof(triv(^))(i?)(triv(B), triv(B')) 
consider the composition 

(5.3.15) B = cma(triv(B)) — ^ cma(triv(B')) = B' 

It is easy to see that P induces an isomorphism (15.3.151) ®r k = Id^. 
Thus, the functor (15.3.141) is essentially surjective. 
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Let Fj: B — s> B', i = 1,2 be two 1-morphisms in Def(^)(-R). It is 
easy to see that the isomorphism 

Hom(triv(Fi),triv(F2)) 

Hom(cma(triv(Fi)), cma(triv(F2))) = Hom(Fi,F2) 

induced by the functor cma restricts to an isomorphism of respec- 
tive space of morphisms in HomDef(triv(yt))(i?) ("triv(B), triv(B')) and 
HomDef(^)(i?)(B, B'). 

It remains to show that the functor (15.3. 13p is essentially surjective. 
Consider (V,n,7ir,M) e Def(triv(^))(i?). Let B = cma(P,M). The 
morphism (vr, vr^) induces the isomorphism cma(7r, tt,-) : B <S)r k = A. 

We choose isomorphisms in ^(i?) B° = R, Bq-^ = Ali 'S)k 

R and BIq = A\q ®fc R which induce respective restrictions of the 
isomorphism cma(7r, vr,-). The above choices give rise in a canonical 
way to isomorphisms S^- = A^j ®fc i? for n = 0, 1, 2, . . ., < i,j < n. 
Let B denote the cosimplicial matrix algebra structure on A R 
induce by that on B via the above isomorphisms. It is easy to see 
that B e Def(^)(i?). The isomorphism of cosimplicial matrix algebras 
B = B induces the equivalence {V, vr, vr^, M) = triv(B). □ 

Theorem 5.22. Let {C,L) G Triv"^(G). Then we have a canonical 
equivalence of 2-groupoids 

Def (C, L) = MC2((S(cma(C, L)) 0k ran) 

Proof. This is a direct consequence of the Proposition 15. 17^ Theorem 
15.211 and Theorem 14. 5[ □ 

5.3.7. Deformation theory of twisted forms of O. Let G be an 

etale groupoid. We now apply the results of the preceding sections with 
the \E' = DIFF (see 13.2.21) and omit it from notations. 

Suppose that 5 = (iS, iSqi, 5oi2) is a twisted form of Oq, i-e. and an 

algebroid stack 5 on G such that S is locally equivalent to O^^q. 

Let B be a basis of the topology on NqG. Let S : = Sm{G) denote the 
corresponding etale category of embeddings, X: S ^ G the canonical 
map (see I2.3.6P . 

The functors and Ai (see 12.3.4112.3.101) restrict to mutually quasi- 
inverse equivalences of 2-categories 

A;^^ : AlgStack^(G') ^ AlgStackR(^) : Af 

natural in R. The explicit construction of 12.3.71 12.3.81 shows that the 
equivalence of respective categories of sheaves on G and S induces an 
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equivalence of respective DIFF(i?) categories (which, however, do not 
preserve the respective DIFF(i?) subcategories). 

In particular, for (^,7r) G IM{S){R), X'^V is a DIFF(i?)-algebroid 
stack on £, there is a natural equivalence X^^V^jik = \^^{V®ji£.), 
hence tt induces the equivalence A*(7r): A~^P®rC \^^S_. The as- 
signment 

(^,2l)^A^,i(P,7r): =(A-ip,A*(7r)) 
extends to a functor 

(5.3.16) A-i : TM{S) ^ ^M{\-^S). 

Lemma 5.23. The functor (15.3.161) is an equivalence of 2-groupoids. 

Proof. Follows from the properties of Ai. □ 

Theorem 5.24. Suppose that M is a basis of NqG which consists of 
Hausdorff contractible open sets. Let R G ArtAlgj-. 

(1) X^^S{Nq£]s,) is nonempty and connected by isomorphisms. 

(2) Let L G X~^S{NqSb) be a trivialization. The functor 

(5.3.17) S: Def(A-^5,L)(i?) Def(A-^5)(i?) 

defined 6?/ S(P, vr, vr,, M) = {V,e), S(0,0,,/5) = (0,/3), E{b) = 
b is an equivalence. 

(3) The functor Def{X^^S_){R) —>■ Def (A^^5)(-R) is an equivalence. 

Proof. Since H\Nq£%0^^^^ is trivial for / ^ the first statement 
follows. 

Consider (P, tt, vr,, M), (P', tt', <, M') G T)el{\-^S,L){R), and 1- 
morphisms (0, 0,, /?), (V;, V^,, 7) : (P,7r,7r,,M) ^ (^', vr', <, M'). 
It is clear from the definition of S that the induced map 

S : Hom((0, 0., /?), (^, V'., 7)) ^ Hom((0, /?), (^, 7)) 

is an isomorphism, i.e. the functor 
(5.3.18) 

S: HomDef(A-is,L)(i?o((0,0r,/?), (;0,V'r,7)) ^ HomDef(A-i5)(i?,)((0,/3), (V^,7)) 

is fully faithful. 

Consider a 1-morphism 

(0,/5): S(P,7r,7r.,M) = (P,7r) ^ (P',7r') = S(^', vr', <, M') 
in Def(A~^5). We have the isomorphism 

vr': Hom^,g^c((^®ijC)(M®^C),M'®KC) ^ 

HomA-i5(vr'(0 ®r C){M ®r C),7r'(M' ®r C)) 
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Let w. (0 ®R C)(M C) — > M' ®r C denote the map such that 
7r'(ro) = {tx'^)^^ o tTt- o Note that vj is an isomorphism. Since the 
map 

Hom^.(0(M),M') ^ Hom^,g^c((0®/? C)(M C),M' ®r C) 

is surjective there exists (piM) M' which hfts w. Since the latter 
is an isomorphism and vcxr is nilpotent, the map w is an isomorphism. 
The triple (0, ro,/?) is a 1-morphism vr, vr,-, M) {VIiHI^'^'ti 
such that E{(f),uj,P) = (0, /3).This shows that the functor (15.3. ISp is 
essentially surjective, hence an equivalence. 

It remains to show that ( 15.3. 17p is essentially surjective. It suffices to 
show that, for any deformation {T>,tt) G Def {{NqX)~^S, L){R), there 
exists an object M G T>{NqS^) and an isomorphism M C = L. 
This is implied by the following fact: if X is a Hausdorff manifold, 

any deformation of Ox is a star-product. In other words, for any open 
covering U of X, denoting the corresponding etale groupoid by U and 
hj e: U X the canonical map, the functor 

(5.3.19) MC^{T{X; g{Ox)) ®c m^) ^ Def(5+, 1){R) 

is an equivalence. Let Ax- = cma(C+), Au- = cma((9j^, 1). We have 
the commutative diagram 



T{X-e{Ox)) > &{Ox) &{o, 



'u) 



cotr 



cotr 



(3{Ax) (3{Au). 

After the identifications Def(5+, 1){R) = Def(^)(i?) = MC\(5{A)0c 
itir) the functor (15.3.191) is induced by the composition T{X; q{Ox)) 
&{Au) (of morphisms in the above diagram), hence it is sufficient to 
show that the latter is a quasi-isomorphism. The cotrace (vertical) 
maps are quasi-isomorphisms by [30] ; the top horizontal composition is 
the canonical map r(X; J^) T{\NU\; \e*J^\) (with = g(Ox)) which 
is a quasi-isomorphism for any bounded below complex of sheaves 
which satisfies H^{X; J-"^) = for alH 7^ and all j. This finishes the 
proof of the second claim. 

Suppose given (^, tt) G Def{X~^S){R), i.e., in particular, P is a 
DIFF(i?)-stack. In order to establish the last claim we need to show 
that, in fact, P is a DIFF(i?)-stack. Suppose that Li and L2 are two 
(locally defined) objects in let JF: = Hom^(Li, L2), JFg : = J^^rC 
By assumption, JF is locally isomorphic to JFq ®c R in DIFF by a map 
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which induces the identification = (JFq ®c R) C. We need to 
estabhsh the existence of a global such an isomorphism T = Tf) ®c -R- 
Let Isom ijfjFn (S)c -R, ^) denote the sheaf of locally defined i?-linear 
morphisms Tq ®c -R in DIFF which reduce to the identity modulo 
rri/j. Let Autp fjFn ®iz R) denote the similarly defined sheaf of groups of 
locally defined automorphisms of J-'o (8>c R- Then, Isom ijfjFn (^c R,-^) 
is a torsor under Autp f^n ®c R)- 

Arguing as in Lemma 6 and Corollary 7 of [6] using the exponential 
map Diff(jFo, JFq) ®c van Autg(J-o ®c R) one shows that the sheaf of 
groups Aut pf^n ®c R) is soft, hence the torsor Isom gfjFn ®c -R,^) is 
trivial, i.e. admits a global section. □ 

5.3.8. Here we obtain the main results of this paper - classification of 
the deformation groupoid of twisted form of Oq in terms of the twisted 
DGLA of jets (cf. ( 14.4. 18|) I 

Theorem 5.25. Let G be an etale groupoid and S_ - a twisted form 
of Og- Suppose that M is a basis of NqG which consists of Hausdorff 
contractible open sets, and let S = Sm{G) be the corresponding embed- 
ding category. Let R G ArtAlgj-. Then there exists an equivalence of 
2-groupoids 

Proof. Note that we have the following equivalences: 

IM{S){R) = IM{X-^S){R) = Dei{X-^S){R) 

Here the first equivalence is the result of Lemma (15.231) and the 
second is a part of the Theorem 15. 241 By the Theorem l5.24l A^^iS(A^n£^iB!) 
is nonempty. Let L G X~^S{NqSk) be a trivialization. Then the functor 

(5.3.20) S: Def{X~^S,L){R) ^Dei{X-^S){R) 

is an equivalence. By the Theorem 15.221 

Def(A-^5S, L){R) = MC^(0(^) ® ran) 

where A = cma.{X~^S_, L). Finally, we have equivalences 

MC\i3miA)0mR) ^ MC\<3miJN£iA))0mR) ^ MC\ej,^{ JNs)isiA)]®mR) 

induced by the quasiisomorphisms (14.4.71) and (I4.4.22p respectively 
(with X = NS). Recall the morphism of cosimplicial (9^-gerbes 
iS^ — > S{A) defined in 14.3.21 The proof the theorem will be finished if 
we construct a morphism of cosimplicial gerbes 5^ 

For each n = 0, 1, 2, ... we have G {X'^S^q'^ = (A^^^)^, i.e. a 
morphism L^: For /: [p] ^ [q] in A, we have 
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canonical isomorphisms La/ : (A ^5) a/ = •^of(o)- It is easy to see that 
{L^,L/\f) defines a morphism iS^ — ^ (A~^iS)a- 

□ 

In certain cases we can describe a solution to the deformation prob- 
lem in terms of the nerve of the groupoid without passing to the em- 
bedding category. 

Theorem 5.26. Let G be an Stale Hausdorff groupoid andS_ - a twisted 
form of Og- Then we have a canonical equivalence of 2-groupoids 

IM{S) ^ MC\(5j,^{Jng)[s^] ® ran). 

Proof. Suppose that B is a basis of NqG which consists of contractible 
open sets, and let £ = SniG) be the corresponding embedding category. 
The map of simplicial spaces A : NS — ^ NO induces the map of subdivi- 
sions |A|: \NS\ \NG\. It induces a map Tot(| AT): Tot(r(|X|; DR(y|^G|)) - 

Tot{T{\X\;DR(JiN£\)) Let B E Tot(r(|A^G'|; DR( J'itvgi)) be a cycle de- 
fined in Proposition 12.111 and representing the lift of the class of 5 in 
i7^(Tot(r(|A^G'|; DR(j7'|ArG|)))- This form depends on choices of several 
pieces of data described in[2lE2l Then Tot (|Ar)5 G Tot(r(|A^G|; DR(y|jv^|)) 
would be the form representing the class of X~^S_ constructed using pull- 
backs of the data used to construct B. We therefore obtain a morphism 
of DGLA |A|*: &m{JNG)B ~^ ^m{JN£)Toti\x\*jB- I* is enough to show 
that this morphism is a quasiisomorphism. To see this filter both com- 
plexes by the (total) degree of differential forms. The map |A| respects 
this filtration and therefore induces a morphism of the correspond- 
ing spectral sequences. The Ei terms of these spectral sequences are 
Tot(r(|iVG'|; |DR(M-(JivG)[l])|')) andTot(r(|iVf I; |DR(M-(Jiv£)[l])r)) 
respectively, and the second differential in these spectral sequences is 
given by V. Here HH'{.) is the co homology of the complex C (.) 
Since both NO and NS are Hausdorff, the complexes T)R{HH'{J'j\js)) 
m{HH'{JNG)) are resolutions of the soft sheaves HH'{ONe), HH'{Ong) 
respectively. 

By the results of [2X91 

A*: C{V{NG-HH'{ONGm)) ^ C{V{N£-HH\ON£m)) 
is a quasiisomorphism. Hence 

lAI*: C{T{\NG\- |M-(0^g)[1]|')) ^ C{T{\N£\- \HH\OMsm\)) 

is a quasiisomorphism, by the Lemma 12. 1[ From this one concludes 
that 

Tot(IAr): Tot(r(|iVG|; \HH'{ONGm\)) ^ Tot(r(|iV£|; |M-(0;v^)[l]|')) 
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is a quasiisomorphism. Hence 

Tot(IAr) : Tot(r(|iVG'|; |DR(M-(J-^g)[1])|0) ^ Tot(r(|Ar^|; |DR(M-(Jivf^ 

is a quasiisomorphism. Hence Tot(|A|*) induces a quasiisomorphism of 
the El terms of the spectral sequence, and therefore is a quasiisomor- 
phism itself. □ 

5.4. Deformations of convolution algebras. Assume that G is an 
etale groupoid with NqG Hausdorff. In the following we will treat NqG 
as a subset of NiG. 

With an object (C, L) e Triv/{(G) one can canonically associate the 
nonunital algebra conv(C, L), called the convolution algebra, cf. [39] . 
Let A = cma(C, L), see 15.3.31 The underlying vector space of this 
algebra is Tc{NiG; Ali). Here we use the definition of the compactly 
supported sections as in [llj. The product is defined by the composition 

(5.4.1) T,{NiG; A^) ® T,{NiG; Al^) ^ T,{N2G; Al^ ® Aj^) ^ 

r,{N2G;Al,) = r,(iViG, {dl),Al,) r,{NiG,Ali). 

Here the first arrow maps f to /g^ ® 5'i2, the second is induced by 
the map fl5.3.9p . Finally the last arrow is induced by the "summation 
along the fibers" morphism ((ii)!^02 ~^ ^oi- 

Recall that a multiplier for a nonunital i?-algebra A is a pair (/,r) 
of i?-linear maps A ^ A satisfying 

l{ab) = l{a)b, r{ab) = ar{b), r{a)b = al{b) for a,b,c & A 

Multipliers of a given algebra A form an algebra denoted M{A) with 
the operations given by a ■ (/, r) + a' ■ {I', r') = {al + a'l', ar + a'r'), a, 
a' & R and (/, r) ■ (/', r') = (/'o/, ror'). The identity is given by (Id, Id). 
For X = {l,r) G M{A) we denote /(a), r(a) by xa, ax respectively. 

Similarly to the 2-category ALG^j (see 15.1.11) we introduce the 2- 
category (ALG^)' with 

• objects - nonunital i?-algebras 

• 1-morphisms - homomorphism of -R-algebras 

• 2-morphisms (f) ^ ip, where 0, : A ^ B are two 1-morphisms 
— elements b G M{B) such that b ■ (j){a) = ip{a) ■ b for all a G A. 

Suppose that (0, (pr) : (C, L) — > (P, M) is a 1-morphism in Trivij(G). 
Let F = cma(0, 0^), see l5.3.3[ Let conv(0, 0^) : conv(C, L) — * conv(P, M) 
be the morphism induced by Fq\. Suppose that b: (0, (pr) — ^ ("0, V't) is a 
2 — morphism, where (0, 0^), ipr) '■ {C, L) — > {V, M). Then cma(6)'' 
defines a 2-morphism in (ALG^)' between conv(0, 0^) and conv('0, iI^t). 
We denote this 2-morphism by conv(6). 
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Lemma 5.27. 

(1) The assignments (C, L) i-^ conv(C, L), (0, 0t) ^ conv(0, 0,-), 
b I— s> conv(6) define a functor 

conv: TiivRiG) (ALG^)' 

(2) The functors conv commute with the base change functors. 

Assume that {S_,L) G Trivc(G) where 5 is a twisted form of Oq- 
Let i? be a Artin C-algebra. An i?- deformation of conv(5, L) is an 
associative i?-algebra structure * on the i?- module B = conv{S_, L)®c-R 
with the following properties: 

(1) The product induced on B^^C = conv(5, L) is the convolution 
product defined above. 

(2) Supp(/ * g) C d\{{dl)-' Supp(/) n Snppig)). 

A 1-morphism between two such deformations Bi and B2 is an R- 
algebra homomorphism F : Bi ^ B2 such that 

(1) The morphism F ®_r C: conv(iS, L) conv(iS, L) is equal to 
Id. 

(2) Supp(F(/)) C Supp(/) for any / G B,. 

Given two deformations Bi and B2 and two 1-morphisms Fi, F2: Bi — >■ 
i?2 a 2 morphism between them is given by a 2-morphism b = {l,r) in 
(ALG^)' such that 

(1) The 2-morphism 6 ®/j C: Fi0rC^: Fi^rCis equal to Id. 

(2) Supp(/(/)) C Supp(/), Supp(r(/)) C Supp(/). 

Thus, given (5, L) G Trivc(G'), we obtain a two-subgroupoid Def (conv(iS, L)){R) C 
(ALG^)' of deformations of conv(5, L). 

Let A = cma(5, L) and let B G Dei{A){R). Notice that for any 
B G Def(conv(iS, we have a canonical isomorphism of vector 

spaces 

(5.4.2) t: B ^T,{N,G;Bl,) 

Lemma 5.28. Suppose that B G Def(conv(5, L))(i?). There exists a 
unique up to unique isomorphism B G Def(^)(i?) such that the iso- 
morphism fl5.4.2l) is an isomorphism of algebras. 

Proof. Let U C N2G be a Hausdorff open subset such that djlu, i = 0, 
1, 2 is a diffeomorphism. Define an i?-bilinear map 

mu : Tc{U; Al^ ® R) 0r Tc{U ; AI2 ® R) ^ Tc{U ; AI2 ® R) 

by 

mu{f,g) = {diiuniidiiur'rf^iidiiur'yg). 
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Here, we view {{dl\u)~^)* f , {{dllu)'^)* 9 as elements of B. It follows 
from the locality property of the product -k that Supp{m,if{f, g)) C 
Supp(/) n Supp(5'). Peetre's theorem [35] implies that niij is a bi- 
differential operator. If V" C N2G is another Hausdorff open subset, 
then clearly {mv)\unv = {™u)\unv- Therefore, there exists a unique 
element m G Rom j^dAli ® R) ®i? {AI2 ® R), (^02 ® -R)) given by a 
bidifferential operator, such that m\u = mu for every Hausdorff open 
subset of U C N2G. Note that m <^r C is the map A^i (8>c ^12 ~^ ^02- 
Now define for i < j B^j = A^j(^cR- For i < j < k B^^.^^jB^^ ^ B^j^ 

is given by m."^. In particular this endows B^-, i < j, with the structure 

of B"j — B^j bimodule. The map m[^l induces an isomorphism of B^;.- 

bimodules B7^. ®By^ B], ^ B^. For i > j set B^^ = HoniBn (B^„ B^). 

We then have a canonical isomorphism B^- ®b^^ B"j ^ B"j. Therefore 
we have a canonical isomorphism 

= B^ HoniB. (B^, B™) = HomB. (B^, B™). 

With this definition we extend the pairing B^- (g)^ B"^ — >• B"^ to all 
values of i,j, k. For example for i > j < k this pairing is defined as 
the inverse of the isomorphism 

= B^ B^ ®Bs B^ ^ B^ ®B^ B^. 

We leave the definition of this pairing in the remaining cases to the 
reader. Choice of an i?-linear differential isomorphism B\q = A\q ®c R 
induces isomorphisms B^ = Afj (S>c R for all n and i > j. We thus 
obtain an object B G Def(^)(i?). It is clear from the construction that 
the map (15.4.21) is an isomorphism of algebras. We leave the proof of 
the uniqueness to the reader. 

□ 

We denote the cosimplicial matrix algebra B constructed in Lemma 
15.281 by mat(i?). By similar arguments using Peetre's theorem one 
obtains the following two lemmas. 

Lemma 5.29. Let G Def(conv(5, L))(i?), k = 1, 2, and let he 

the corresponding isomorphisms defined in (15.4.21) . Let F : Bi —>■ B2 be 
a 1-morphism. Then, there exists a unique 1-morphism \ mat(i?i) 
mat(i?2) such that (j)^ o ii = 12 o F . 

We will denote the 1-morphism constructed in Lemma 15.291 by 
mat(F). 

Lemma 5.30. Let B^ G Def(conv(5, A; = 1, 2, and let ij. be the 

corresponding isomorphisms defined in (15.4.21) . Let Fi, F2: Bi ^ B2 be 
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two 1-morphisms. Let b: Fi ^ F2 be a 2-morphism. Then, there exists 
a unique 2-morphism [3\ mat(Fi) mat(F2) such that b-a = PQQ-i2{a), 
a ■ b = i2{a) ■ Pl-^ for every a E B. 

We will denote the 2-morphism (3 constructed in Lemma 15.301 by 
mat (6). 

Lemma 5.31. 

(1) The assignments B ^ mat(i?), F 1— mat(F), b ^ mat (6) define 
a functor 

(5.4.3) mat : Def(conv(5:, L)){R) Def(cma(5S, L)){R) 

(2) The functors mat commute with the base change functors. 
Proposition 5.32. The functor fl5.4.3p induces an equivalence 

Def(conv(5, L))(i?) = Def (cma(5, L))(i?). 

Theorem 5.33. Assume that G is a Hausdorff etale groupoid. Then, 
there exists a canonical equivalence of categories 

Def(conv(5, L))(i?) ^ MC2(C5dr( JivG)[5^] ® m^) 

Proof Let A = cma(5,L). Then, Def (conv(5, L))(i?) = MC^{e{A) ® 
xtir) by Proposition 15.321 and Theorem 15.221 Then, as in the proof of 
Theorem 15. 25[ we have the equivalences 

induced by the quasiisomorphisms (14.4. 7p and (I4.4.22p respectively. □ 
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